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ABSTRACT 
This thesis is in two parts which are related by the 
common theme of tension stiffening, 
Part I develops the concept of a stress-strain 
envelope to model the behaviour of the concrete in tension 
below the neutral axis of a reinforced concrete beam. This 
is substantiated by an analysis of the data from fourteen 
test beams, The envelope concept is then applied to the 
calculation of the moment-curvature relationships for these 
beams, which are also compared with the test results, 
Part II presents an experimental investigation of the 
longitudinal reinforcement strain distributions in 
reinforced concrete tension members. Test results for 
fourteen specimens having various cross-sections and 
reinforcement types are presented, with the reinforcement 
strains being measured by strain gauging the reinforcement 
internally. The comprehensive analysis of the test results 
includes specific design recommendations concerning bond 
stresses at working loads. 
work. 
suggestions are made for further 
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1. INTRODUCTION 
The author joined the Department of Engineering at the 
University of Durham in October 1978 after spending eight 
years with a Consultant (Oscar Faber & Partners) and two 
years with a Local Authority {London Borough of Brent} . 
During this time he was closel.y involved with the design of 
a large number of reinforced concrete structures ranging 
from schools and office buildings through to large 
industrial complexes such as cement works. 
Throughout this period, a recurring problem was that 
of accurately predicting the deflections of reinforced 
concrete beams. This was made difficult by the complex 
post-cracking interaction between the concrete and the 
reinforcement in the tensile zone below the neutral axis. 
On coming to Durham this problem was studied further and the 
importance of tension stiffening, the contribution of the 
tensile concrete to the stiffness of a reinforced concrete 
member, was soon recognised. From this study, two 
substantial areas of investigation emerged which are 
reported in the two parts of this thesis. 
Part I presents a procedure for the calculation of the 
moment-curvature relationship for reinforced concrete beams. 
The main feature of the procedure is the model it uses for 
the behaviour of the concrete in tension. This is 
substantiated by a comprehensive analysis of existing test 
data. 
- 2 -
In contrast, Part II presents an experimental 
investigation of the longitudinal reinforcement strains in 
reinforced concrete tension members using an internal strain 
gauging technique to measure the reinforcement strains. The 
need for this work arose as a result of problems 
encouni:P.red dt_lring the moment-curvature 
has proved to be a particularly fruitful area of research. 
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Part I 
THE SHORT-TERM 
MOMENT-CURVATURE 
RELATIONSHIP 
FOR 
REINFORCED CONCRETE 
BEAMS 
- 4 -
2. BACKGROUND 
The Simple Theory of Bending dictates that for a beam 
formed of a homogeneous, isotropic, material, the bending 
moment, M, and curvature ~ at any section along its length 
are related by the expression 
M = EI ~ 
where E = Young• s modulus of the beam material 
I = second moment of area of the beam section. 
Also, by definition 
~= 
l 
R 
(2.1) 
(2.2) 
where R = radius of curvature at the section being considered. 
The product EI is commonly referred to as the flexural 
stiffness of the beam section, or when the discussion 
centres solely on bending, simply "the stiffness". 
The deflection 0 at a point along a beam of span L may 
be expresed in the form 
3 
0 = kWL 
EI 
( 2. 3) 
where K =a constant dependent on the type of loading and 
end restraint. 
w = total load on span 
- 5 -
This indicates that a prerequisite in deflection 
calculations is an accurate assessment o£ member stiffness 
(EI) . This is straightforward when considering beams which 
comply with the Simple Theory. However, reinforced concrete 
beams are behaviourly much more complicated due to the 
complex material properties o£ the concrete itself and the 
indeterminate nature a£ the bond characteristic at the 
concrete/reinforcement interface. one of the major 
influences on the stiffness of a reinforced concrete beam is 
the behaviour of the concrete in the tension zone below the 
neutral axis. Concrete cracks at relatively low tensile 
stresses and typically a crack pattern similar to that shown 
in Fig.2.1 is formed. The strain in the tension 
reinforcement peaks where it crosses a crack, and declines 
away from the crack as load is shared with the surrounding 
concrete due to the action of bond. 
As a result, the stiffness of the beam varies along 
its length even in a zone of constant bending moment. It is 
a minimum at the crack positions, whilst between the cracks 
it increases due to the contribution of the concrete in 
tension. This contribution of the tensile concrete to the 
stiffness of a reinforced concrete member is the well-known 
phenomenon called Tension Stiffening. 
A corollary of the above is that the requirement of 
the Simple Theory of Bending that plane sections should 
remain plane does not hold locally for a reinforced concrete 
beam. But a reasonably linear strain distribution over the 
- 6 -
depth of the section is obtained provided that the strains 
are measured over gauge lengths large enough to even out the 
effects of cracking. It has thus become usual to apply 
equation ( 2. 1) to a reinforced concrete beam when large 
gauge lengths are being considered. However the stiffness 
term (EI) now varies along the span. 
This approach yields the typical short-term moment-
curvature relationship shown in Fig. 2.2. As a comparison, 
the hypothetical curve obtained by ignoring completely the 
contribution of the tensile concrete has also been shown. 
The difference between these two curves is due to the 
effects of tension stiffening and it increases as the amount 
of tensile reinforcement is reduced. Accurate deflection 
calculations require that beam stiffnesses be obtained from 
the experimental curve and consequently considerable 
research effort has been directed to the problem of 
representing it mathematically. Typically this involves 
developing an expression for EI which incorporates tension 
stiffening. 
Part I of this Thesis is concerned with the 
development of a new mathematical model for the moment-
curvature relationship for rectangular, reinforced concrete 
beams. It is restricted to short-term loadings and retains 
the concept of average, linear, strain distributions 
introduced above. The method is extremely flexible and is 
very sui table for programming on a small computer. 
- 7 -
A literature survey now follows to establish a basis 
for the work to be described. 
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3 . PREVIOUS WORK 
3.1 Introduction 
This section presents a historical survey of the 
literature pertaining to the mathematical modelling of the 
moment-curvature relationship for rectangular reinforced 
concrete beams. In many ways this amounts to a survey of 
the different procedures advanced for the calculation of 
flexural stiffness, since this is the crucial parameter in 
the problem. However, the treatments are not all confined 
to this approach and their diversity reflects the range of 
thinking and attitudes which the topic has attracted. 
It would be unwise to claim that this review is 
exhaustive, particularly as the treatment is largely 
confined to English language publications. However, it is 
extensive, nevertheless, and the author considers that it 
does represent a fair and balanced picture of what has been 
achieved in this field. 
3. 2 The Modelling Procedures 
3 . 2. 1 The Simple Rectangular Section 
This must have been the earliest method used to 
calculate the stiffness of a reinforced concrete beam 
section. The second moment of area, I is calculated using 
the well-known expression for a simple rectangle 
I = (3.1) 
12 
- 9 -
where b is the breadth of the section and h the overall 
' depth. I is then multiplied by the Youngs modulus for the 
concrete (E ) 
c 
to obtain the flexural stiffness of the 
section. 
Equation ( 3. 1) considers only the geometrical 
properties of the section and ignores completely the 
contribution of the reinforcement. The concrete is assumed 
to have the same properties in tension as in compression, 
and no allowance is made for the effects of cracking. 
This is obviously too simplistic an approach to have 
remained in general use. Even so, a refinement of it, to be 
described next, still has a place in modern practice. 
3. 2. 2 The Uncracked Section 
This approach develops the previous procedure by 
replacing the areas of the tensile and compressive 
reinforcement with their respective equivalent concrete 
areas (Fig. 3.1) to produce what is known as the uncracked, 
transformed section. It is treated in all the standard 
texts (e.g. (1)) to yield 
ItA. = 
12 
+ bh {x -~2 + ~A~ 
c 
, 2 (x- d ) 
Es 2 
+-A (d- X) 
E s 
c 
(3.2) 
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where 
I = u second moment of area of the uncracked section. 
b = Section breadth 
h = Overall section depth 
X = Neutral axis depth 
E = s 
Young's modulus for steel ---" QJ.!U 
compression) 
E = c Young's modulus for concrete in compression 
AI 
s = Area of compression reinforcement 
d' = cover to centre of compression reinforcement 
A = Area of tension reinforcement s 
d = Effective depth 
The neutral axis depth (x) may be calculated from the 
expression 
A 
c 
E 
s 
=-
E 
c 
A (d - X) 
s 
( 3. 3) 
The flexural stiffness is given by the product E I . 
c u 
This method is accurate only over the small region of 
the moment-curvature relationship before the onset of 
cracking, but it ·still provides the best model for this 
early part of the moment-curvature relationship. 
3. 2. 3 The cracked section 
This is a well known procedure whose origins go back 
to at least 1.91.4 (2}, It assumes that the concrete is 
cracked up to the neutral axis and that no tensile stresses 
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exist in the concrete below it. This is considered to be 
the case everywhere along the beam. 
The areas of the tensile and compressive reinforcement 
are replaced by their respective equivalent concrete areas 
to form the cracked, transformed section (Fig. 3.2) 
it is dealt with in all the standard texts 
gives 
1 
3 
E 
s 
E 
c 
A 
s 
bd 
(eg 
Again, 
I , \ \ 
\ .._ I I 
(3.4) 
--~ Q.llU. 
where I is the second moment of area of the cracked 
cr 
section. 
x is calculated from the expression 
= 
(3.5) 2E (A s s +-- -- + 
Ee bd 
This time, flexural stiffness = E I 
c cr 
This approach yields the "no-tension" moment-curvature 
relationship shown in Fig. 2.2. It gives a poor model for 
the experimental curve since tension stiffening effects are 
ignored completely. Equations (3.4) and (3.5) are based on 
an elastic analysis and are thus not applicable once the 
tension reinforcement yields. 
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Present use of the cracked section is largely confined 
to the estimation of relative stiffnesses in strength 
calculations (for example when designing continuous beams or 
structural frames). For deflection calculations under 
working loads it can lead to errors in the order of 100%. 
(Section 3. 3) . 
Ignoring tension stiffening completely makes the 
resulting moment-curvature relationship for the cracked 
section a lower bound for the other methods to be discussed. 
This provides a useful datum when making comparisons, as 
will be seen later. 
3. 2. 4 Swain : 1924 
Swain ( 3) developed an alternative expression to 
equation (3.4) for calculating the flexural stiffness of the 
fully cracked section, (EI) 
cr 
Referring to Fig. 3. 3: 
e 
s 
(d-x) 
= 
M 
(EI) 
cr 
(3.6) 
when e 
s 
is the strain in the tension reinforment 
assumming no tension stiffening 
Substituting M = f A z 
s s 
and 
gives 
e = f 
s s 
E 
s 
(EI) = E A (d - X) z 
cr s s 
(3.7) 
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where 
f = tensile reinforcement stress corresponding to e 
s s 
z = lever arm 
x and z have to be calculated using an elastic 
analysis. 
Although pronounced as being useful by ACI Committee 
435 in 1966 (4) this method does not appear to have found 
general favour. However, like the work of Murashev (see 
below) it is frequently referred to in the Ameri.can 
literature. 
3.2.5 Murashev: 1940 
Murashev' s method (5) * is an .interesting early use of 
an approach wh.ich will recur later. This is to use the 
properties of the cracked, transformed section as a basis, 
but then to enhance one or more of its parameters, usually 
empirically, in order to allow for tension stiffening 
effects. In Murashev•s case, the second moment of area is 
based directly on the cracked, transformed section, and it 
is the steel modulus (E ) which is modified by a factor 'I' to 
s 
give:-
E ' s = E 9 where 'I' ( 1 , 0 (3.8) 
In Russian. Reported in English by ACI committee 
4 35 ( 4) . 
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and 11' = 
where 
E' = Modified Young's modulus for steel 
s 
M = cracking moment 
cr 
M = Service load bending moment 
sl 
It was suggested that 
M = cr 
f I 
r 
(h/ 2) 
(3.9) 
(3,10) 
where f is the modulus of rupture of the concrete and I and 
r 
h refer to the gross concrete section (neglecting steel 
reinforcement) . 
This approach is interesting historically, but does 
not appear to have been widely used, at least in the west. 
3. 2. 6 Yu and Winter : 1960 
Yu and Winter (6) proposed two methods for calculating 
the stiffness of a reinforced concrete beam. 
Method A : use the cracked, transformed section at mid-
Method B 
span (I ) . 
cr 
To allow for tension stiffening, 
correction factor to give Ieff where 
I =I /t _ bM'} eff cr M 
st 
I 
M is defined as: 
M I = 0 , 1 ( f ) 2 / 3 h ( h- X) 
c 
apply a 
(3.11) 
(3,12) 
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where £ is the ultimate compressive strength 
c 
of the concrete. 
The derivation of equations (3.11) & (3.12) follows an 
elastic theory approach and includes an allowance for the 
contributory effect of the tensile concrete based on a 
triangular stress distribution. The factor of 0.1 in 
equation (3.12) was determined empirically. Comparisons 
with test data indicated that Method B provided better 
results than Method A. This has proved to be an influential 
approach which is referred to frequently in the literature. 
3.2.7 ACI Code: 1963 
The 1963 ACI code (7) recommendations regarding 
stiffness were as follows:-
(i) For A f ~500 the second moment of area should be 
s y 
(ii) 
bd 
based on the gross section. 
For A f 
s y 
bd 
>500 the second moment of area should 
based on the cracked, transformed section. 
The expression As f"yfbd has to be calculated 
Imperial units, where f is the yield stress of the steel. y 
be 
in 
This approach recognises the strong influence that the 
amount of tensile reinforcement has on the stiffness of a 
reinforced concrete beam. However, its method of dealing 
with it is rather too straightforward. 
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3 . 2 . 8 Brans on : 1 9 6 3 
Branson (B) sought an expression for the effective 
Hecond moment of area ( Ieff) at any particular cross- section 
of a reinforced concrete beam which would satisfy the 
following boundary conditions:-
l. When M = M then I = I , 
cr eff u 
When M > > M then I ff -I . 
cr e cr 
2. 
He accordingly proposed that 
(3.13) 
where m was an unknown power. 
Replacing I with I , the second moment of area of the 
u g 
gross concrete section neglecting the effect of reinforce-
ment, and re-arranging yielded 
I + g (3.14) 
The power m was determined numerically from a sizeable 
number of test results that included both rectangular beams 
(simply supported and continuous) and T-beams (simply 
supported) . Branson recommended m = 3 if an average value 
of Ieff was required over the entire length of a uniformly 
loaded simply supported beam, and m = 4 if Ieff was required 
at a particular section. 
This has proved to be an important method and it is 
1'3 
the approach adopted by the current (19~) ACI Code (9). It 
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is only applicable however for M ;) Mer 
1
eff = 1g' 
3. 2. 9 CEB : 1964 
If M < M 
cr 
then 
The CEB (Comite Europeen du Beton) surprisingly does 
not give specific recommendations regarding the calculation 
of flexural stiffnesses in its 1978 Model Code for Concrete 
Structures (10). However, some interesting points arise 
from its earlier comments regarding the calculation of 
deflections (11) . 
In 1964 the CEB recommended that the deflections of 
reinforced concrete beams should be computed in two parts 
(see Fig. 3 . 4) : o 1 , the deflection attained at the time the 
first crack appears and 0 2 , the deflection after cracking. 
A further quantity 0 3 is also calculated and the actual 
deflection of the beam is taken as the lesser of (0 1 + o2 ) 
or 0 3 where 
KL 2H 
01 = 
E I 
cr (3.15) 
c g 
KL 2 (M-H ) 
cr 
02 = 
0.75 E A d 2 r- 2A<1r-~ £y J s s 
· bdfe 3bd f 1 c 
(3.16) 
KL2 H 
03 = E A d
2 
r-2vyJ-: A £yJ s s s bdf~ 3 bd f I 
c 
(3.17) 
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where 
f = y yield stress of steel 
f' = 
c 
concrete cylinder strength 
K = constant dependent on loading arran~ent 
03 is effectively the deflection obtained if no 
tension stiffening is assumed and Beeby has pointed out (12) 
that the term 
2A f ]~ A f ] s y t~ 2. s y 
bdf'c 3 bd f 1c 
(3.18) 
in the expression for 0 2 is the gradient of the post 
cracking region of the moment-curvature relationship. 
3 , 2 . 10 CP ll 0 : 197 2 
CPllO, the British standard Code of Practice for the 
structural Use of Concrete (13) prescribes two sets of 
assumptions for use when calculating beam curvatures (Clause 
A. 2. 2) which also influence the stiffness of the section. 
These can be summarised as follows:-
(1) Up to the onset of cracking the stiffness 
associated with the uncracked transformed 
section is to be used. 
(2) After cracking, the stiffness is to be 
calculated by assuming that the stress 
distribution in the concrete in tension is 
triangular, having a value of zero at the 
neutral axis and a value at the centroid of 
the tension steel of 1 N/mm2 (for short-term 
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loadings). The reinforcement, whether in 
tension or compression is to be asswned to be 
elastic, as is the concrete in compression. 
This latter set of asswnptions gives the stress and 
strain distributions shown in F'ir"Y ~ r:; 
- -::7. -.- and ,,; ol n te'J J .... - ............ - the 
following expression for the effective second moment of area 
(14) 
Ieff l [~r. E A f ~r s s --- = bd3 3 E bd c 
E :~·&- ~r..: Ect [:- :r s + (3.19) E d 3 E 
c c 
where Ect is the Young's modulus for the concrete in 
tension. 
Use of equation (3.19) requires the calculation of x, 
the neutral axis depth. A rigorous approach to this would 
yield an immensely elaborate expression. Consequently the 
approximation of using the neutral axis depth for the 
cracked section has been recommended by Kong and Evans 
( 1) . 
The terms Partially Cracked Section and Pseudo cracked 
section have been used by Kong and Evans (1) and Hughes (14) 
respectively to describe this approach. 
,.., " 
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3. 2. 11 Rao and Subrahmanyam : 197 3 
A research committee convened by the Institution of 
Civil Engineers to advise on the ultimate load design of 
rein forced concrete structures reported in 196 2 ( 15) that 
the moment-curvature relationship for a reinforced concrete 
beam passes through three phases: an uncracked phase, then a 
cracked phase and finally an inelastic phase. They 
initially gave a tri-linear form to the moment-curvature 
relationship but then went on to suggest that a bi-linear 
approximation was acceptable, at least for strength 
calculations (Fig. 3.6). 
Rao and Subrahmanyam ( 16) proposed a development of 
the tri-linear approach in which the segments need not be 
stra.ight. This they called the Tri-Segmental Moment-
Curvature Relationship and described it as follows:-
Stage I: 
Stage II: 
Before cracking the moment-curvature relation-
ship is calculated using the properties of the 
uncracked section based on elastic theory. 
After cracking effective curvatures 
calculated using the expression 
where 
tleff = 
e = 
em 
e +e 
em sm (3.20) 
d 
effective curvature 
mean concrete compressive strain 
the top fibre 
are 
in 
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e = mean strain in the tensile reinforcement. 
sm 
stage III: After yield of the tensile reinforcement 
where 
e 
c 
+ e 
s 
d 
e = top fibre concrete strain at a cracked 
c 
section 
e = steel strain at a crack. 
s 
(3.21) 
In stage II I e is calculated assuming the section to em 
be fully cracked. e 5 will be smaller than e I m s the 
reinforcement strain at a cracked section so Rao and 
Subrahmanyam recorrunended that 
e = e - o .18 [f ] sm s scr 
f 
s 
where 
f 
r 
bd 
A 
s 
f 
s = 
stress in steel at a cracked section! 
(3.22) 
f = 
scr 
value of f at the appearance of the first 
s 
flexural crack. 
This expression allows for an effective concrete area 
in tension. The constant 0.18 was obtained empirically from 
test results . 
In Stage III it is assumed that the difference between 
e and e is negligible. 
s sm 
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Once the curvature appropriate to a particular applied 
moment has been determined, then the stiffness of the 
section follows directly. 
3. 2.12 Tsimbikakis : 1975 
As with other methods, Tsimbikakis ( 17) has proposed 
that the stJ.f:fness of the uncracked section be used up to 
the onset of cracking. Beyond this point effective 
curvatures, allowing for tension stiffening are calculated 
using the expression 
where 
n 
av 
= 
= 
factor expressing the efficiency 
concrete in resisting tension 
average neutral axis factor. 
(3.23) 
of the 
Elastic theory is used to derive equation ( 3. 23) and 
graphs are provided in reference (17) for the determination 
of/land nav 
3. 3 Discussion 
It is interesting to observe how attitudes have 
changed towards the calculation of beam stiffnesses . For 
instance, the two extremes of the uncracked and cracked EI 
have both found favour at different times. In 1947 the 
Portland Cement Association in a widely followed bulletin 
(18) recommended the use of the uncracked EI and suggested 
that the effects of the steel should be ignored completely. 
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This, in e££ect, recommended the use o£ the simple 
rectangular section to calculate sti££ness. It was 
satis£actory in the context o£ the £airly deep, lightly 
rein£orced and hence not too severely cracked sections which 
o£ten prevailed at the time, However as beams becw~ae 
shallower and steel strengths increased, higher working 
stresses and greater cracking were experienced with the 
resul. t that de£l.ections were considerably underestimated. 
The other extreme of the cracked section was being 
recommended as far back as 1.931. by Myrl.ea (1.9) acting in the 
capacity of chairman of ACI Committee 307. This was later 
incorporated into the 1. 96 3 ACI Code (7) in an attempt to 
guard against underestimating the deflections of shallow 
beams. 
The cracked section always overestimates de£lections 
as it ignores tension stiffening completely. The degree of 
error depends on the steel percentage and increases as the 
steel. percentage decreases. Beeby (1.2) has reported that 
with beams having 0.75% tension reinforcement, the error in 
the calculated deflections at working loads will be in the 
order of 1.00%. 
All the other approaches outlined in the foregoing 
review recognise that the real post-cracking behaviour of a 
reinforced concrete beam lies between the two extremes of 
th€ cracked and uncracked sections and attempt to model it 
accordingly. With the exception of CPl.l.O, they adopt 
approaches which are basically empirical but share a common 
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desire to incorporate the influence of tension stiffening. 
Their underlying principles are generally sound but 
the CEB method is open to criticism because of its use of 
the steel yield stress and concrete compressive strength as 
two of its parameters. As Beeby has noted (12) the former 
is inappropriate, since in general, deflections are 
calculated for load levels which are well below the value 
which would cause the steel to yield, while the latter 
causes the effect of concrete strength on the section 
properties to be grossly overestimated since a change in 
cube strength has a comparatively small effect on member 
stiffness. 
The 1966 report of ACI Committee 435 (4) included a 
review of the then current methods for calculating 
deflections and deemed the methods of Yu and Winter (6) , the 
1963 ACI Code (7) and Branson (B) to be the most 
satisfactory. Of these it was considered that the methods 
of Yu and Winter and Branson were somewhat more accurate. 
Branson's method is rather the more cumbersome to use of the 
two, but nevertheless this is the one that was adopted in 
the 1977 ACI Code (9). 
The CP110 approach (13) is interesting because of the 
way in which it deals with the problem at source, by 
suggesting how the behaviour of the tensile concrete should 
be modelled rather than by presenting a formula for the 
direct calculation of stiffness or deflection. This 
recognition that the calculation of member stiffness is 
- 2 5 -
directly dependent upon the properties of the constituent 
materials is obviously appealing but it does lead to some 
complexity in the ensuing calculations. The origin of the 
2 
value of lN/mm used in defining the stress distribution in 
the tensile concrete is obscure. 
Rao and Subrahmanyam (16) present the most 
sophisticated empirical approach that has appeared to date 
due to their use of a tri-segmental approximation. Either 
because of, or in spite of this, it does not appear to have 
been widely adopted. 
A comparison of the moment-curvature relationships 
generated by the more significant methods discussed appears 
inFig.3.7. The experimental curve shown is for a beam 
having 0.44% tension reinforcement tested at the cement and 
Concrete Association and described in reference (20) . A low 
percentage beam was selected because it would exhibit a high 
degree of tension stiffening and thus aid the clarity of the 
diagram. However, the comments to be made are quite 
general. 
The inappropriateness of using the uncracked, 
transformed section to model anything but the pre-cracking 
behaviour of the beam is obvious, and the lower bound which 
the cracked, transformed section constitutes is also well 
illustrated. The "tension at crack only" curve illustrates 
the theoretical effect obtained by including the small 
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contribution of the tensile concrete at the cracked section. 
It is of little practical use and is only included out of 
interest. 
The only approach which applies over the full range of 
the moment-curvature relationship, including that part where 
the '.:ensile reinforcement has yielded, is that of Rao and 
Subrahmanyam. The remaining approaches are applicable over 
the elastic range only. Rao and Subrahmanyam • s method 
underestimates the effect of tension stiffening quite 
markedly. The others produce substantially similar curves 
which are approximately parallel to that for the cracked, 
transformed section. Consequently they too generally 
underestimate the tension stiffening effect, but meet the 
experimental curve approximately when the onset of yield 
occurs in the tensile reinforcement. 
None of these methods represents the true form of the 
experimental moment-curvature relationship because their 
empirical nature is too inflexible to deal with the changing 
form of the experimental curve. How to resolve this problem 
is the challenge that will now be considered. 
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4. ANALYSIS OF A REINFORCED CONCRETE BEAM SECTION 
4.1 Introduction 
A prerequisite in any investigation of the moment-
curvature relationship for R. c. beams is the ability to 
analyse a bea.rn section quickly and 50011 
became apparent that this would be best achieved by a 
purpose-written computer program. 
A program was written for rectangular sections, 
dealing with both the uncracked and cracked sections and 
including provision for the effects of compression 
reinforcement. It assumed a linear strain distribution 
across the section and allowed non-linear stress-strain 
relationships to be used for the concrete (in compression) 
and the reinforcement (in tension and compression) . Concrete 
in tension could be ignored completely, but if included the 
stress- strain relationship was assumed to be linear as it 
was anticipated that the data would never be sufficiently 
accurate to require a non-linear approach. This has indeed 
been the case. (A later variant of the program, which did 
permit a non-linear relationship for the tensile concrete, 
received very litt1e use.) 
The program proved to be very effective and useful. 
It will now be described in some detail since it became an 
important tool in the work to be described later. 
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4. 2 Program Input 
The following data was input to the program. 
l. The section geometry and reinforcement areas. 
2. The stress-strain data for the concrete and 
reinforcement. The continuous curves were 
linearized as shown in Fig. 4.1. This was 
found to be a convenient way of dealing with 
experimental data which would not normally be 
amenable to a continuous 
mathematical representation. 
points were permitted. 
single curve 
Up to fifty data 
3. A list of the required solution parameters. 
The program would analyse the section subject 
to any one of the following being specified: 
applied bending moment, top (compressive) face 
strain, bottom (tensile) face strain, or 
strain in the tensile reinforcement. Any 
number of parameters could be specified in any 
order during a single run of the program. 
4. 3 Program output 
The program first listed the stress-strain data and 
geometrical properties of the section and then output the 
following data for each solution parameter:-
Strains: 
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Top face of concrete (e ) 
cc 
Reinforcement in compression (e ) 
sc 
Reinforcement in tension (e ) 
st 
Bottom face of concrete (ebf) 
Stresses: Top face of concrete (f ) 
cc 
Reinforcement ir ... ccmpressior1 \1 f '"1 sc 
Reinforcement in tension (fst) 
Bottom face of concrete (fbf) (Zero 
concrete in tension was being ignored) 
Neutral Axis Depth (x) 
if 
Depth in tension below the neutral axis (Zero if 
concrete in tension was being ignored) . 
Lever arm (z) 
.Appl i.ed Bending Moment 
Curvature 
Flexural stiffness (EI) 
Forces: Concrete in compression (F ) 
cc 
Reinforcement in compression (F sc) 
concrete in tension (F ct) 
(Zero if concrete in tension was 
ignored) 
Reinforcement in tension (F st) 
Check-sum of all the forces (should be zero) 
being 
Moments of the above forces about the neutral axis 
(M , M , M t' M t respectively) \ cc sc c s 
Eccentricity ofF relative to neutral axis 
cc 
Eccentricity of F ct relative to neutral axis. 
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The program nomenclature is summarized in Fig. 4. 2 (ft 
and et are respectively the ultimate stress and strain for 
the tensile concrete) . 
4. 4 Program Details 
The problem reduced to that of finding a strain 
distribution across the section which satisfied two 
conditions: 
1. The forces acting on the section must be in 
equilibrium. 
Fcc + F sc = F st + F ct (4.1) 
2. The specified value of the solution 
parameter must be achieved. 
A double iteration procedure was devised which is 
illustrated in Fig. 4. 3. 
An initial value of est was selected and ecc then 
adjusted until a force balance was achieved (equation 4.1.), 
with F being calculated by numerical integration of the 
cc 
stress distribution for the concrete in compression. In 
practice an exact balance was not sought as this could lead 
to numerical instability resulting from the very fine 
adjustments that had to be made to e . 
cc 
Instead a quantity 
OF was calculated which expressed the percentage difference 
between the tensile and compressive forces 
OF = (Fst + F - F - F ) X l.OO 
ct cc sc (4. 2) 
(F st + F ct> 
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Accepting any value of OF within the range ±0.001 
(i.e. achieving a force balance of ±1/1000 of 1% or better) 
achieved a good compromise between accuracy, stability and 
computation time. When OF was outside this range then the 
sign of OF indicated if an upward or downward adjustment of 
e was required. 
cc 
The magnitude of ebf determined whether the section 
was cracked or uncracked for the particular strain 
distribution being considered. In the latter situation all 
the concrete below the neutral axis could, if desired, be 
included in the force calculation while in the former case 
the tensile concrete was either ignored completely (the 
usual situation) or, at the discretion of the user, the 
rather artificial and in practice rarely used process of 
including for a small triangular area of tensile concrete 
was undertaken (Fig, 4. 2) . 
Adjustments were made to both Fcc and F ct to 
sate for the concrete areas occupied by the compressive and 
tensile reinforcement respectively. 
Having obtained a force balance, the program then 
calculated the value this gave to the solution parameter (M, 
and expressed this once more as a ecc' ebf or est> 
percentage difference. For example, when solving for an 
applied moment, the quantity 
OM = (Mcalculated - Mprescribed) x 100 
Mprescribed 
would be calculated. 
( 4. 3) 
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Again for reasons of numerical stability an acceptable 
range of ±0.001 was allowed for this difference. In general 
the value would be outside this range requiring that e be 
st 
adjusted and the whole force balance procedure repeated to 
yield an improved value of the solution parameter. 
This double iteration procedure continued until a 
solution within the prescribed limits was obtained whereupon 
a full set of data was output. Typically around 20 
adjustments to est 
adjustments to e 
cc 
4. 5 Example 
were made, each requiring about 20 
suppose the beam section shown in Fig. 4. 4 is to be 
analysed for an applied bending moment of 20. o kNm. The 
stress- strain relationships to be used are also shown in 
Fig. 4.4, already linearised. 
The program first tries est = 100 microstrain and 
after 29 iterations achieves a force balance when e = 49. 65 
cc 
microstrainwith an error of +0.0001%. This yields OM= -68.28% 
indicating that the calculated moment is too small. Next 
= 200 microstrain is tried which gives OM = 
then est = 300 microstrain which gives OM = -4.89%, 
est= 400 microstrain which gives OM= +26. 57%. (ecc 
201.03 microstrain) . 
-36.55%, 
and then 
is now 
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est has now been established to be in the range 300 
est < 400 microstrain. e = 
st 350 microstrain is found to be 
too large as is the following attempt of e 
st 
strain. 
= 
Next follow e
8
t = 3~2.50 micro strain 
325 micro-
(too small) 
318.75 microstrain (too large) 314,06 microstrain (too 
small), and 314.84 microstrain (again too small) . OM has 
now been reduced to -0.21% for this last case. 
This iteration procedure continues until, after a 
total of 17 attempts, a solution within the specified 
tolerance .is at last obtained when est = 315.51 microstrain. 
e is now 157.23 microstrain and OM = cc 0.0007%. The 
actual value of the calculated bending moment is ~9.99986000 
kNm which is very close to the 20. o kNm specified, 
The full output for this example is shown in Fig. 4.5 
as i tern 1. As further examples the results for est 
specified as 1000 microstrain (item 2) and e 
cc 
specified as 800 micro strain ( i tern 3) are also shown. 
being 
being 
Details of this program and its developments are to be 
published (21). 
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5, A MODEL FOR THE BEHAVIOUR OF THE CONCRETE IN TENSION 
5.1 Introduction 
We come now to our main concern of how to develop an 
improved mathematical model for the moment-curvature 
for reinforced concrete beams within the 
context of averaged strain distributions already introduced. 
The behaviour of a reinforced concrete beam stems from 
the behaviour of its constituent materials, steel and 
concrete. The modelling of a beam's behaviour requires an 
interpretation of the behaviour of these materials within 
the context of averaged strains. 
In the compression zone it has been the custom to 
assume, not unreasonably, that there is little variation 
between the strain distributions at any cross-section in a 
zone of constant bending moment (Rae and Subrahmanyam (16)). 
No special averaging technique is thus required to determine 
what are already effectively the average strains. A more 
complicated situation exists in the tension zone however due 
to the effects of cracking. strains in the tension 
reinforcement are at a maximum at the cracks and at a 
minimum approximately midway between the cracks with their 
average values lying somewhere between these two extremes. 
With the tensile concrete, the problem has two 
aspects. Firstly, very little is actually proven about how 
the strain distributions in the tensile concrete vary from 
sec-tion to section between the major cracks. secondly, 
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tensile stresses exist in the concrete even when the 
reinforcement strains are considerably above the commonly 
held value for concrete tensile failure of around 100 
rnicrostrain. This must be so since tension stiffening 
effects are still present, albeit much reduced, even when 
tl!e tensio!1 reinforcement yields, 
The key to the moment-curvature problem is to find a 
satisfactory way of modelling the behaviour of the tensile 
concrete. Once this has been achieved, then the complete 
solution of the problem will be shown to follow directly. 
As a starting point, it is helpful to reconsider the 
approach adopted by CPllO in rather more detail as this 
provides a useful insight into the problem. 
5. 2 The CPllO Approach 
CPllO averages the stress distributions in the tensile 
concrete by adopting the approach shown in Fig. 5. la. A 
linear stress distribution is assumed with a prescribed 
2 
value of 1 N/mm at the level of the tension reinforcement. 
This is a fixed value which applies for all strains. 
A consequence of this approach is that the stress-
strain relationship for the tensile concrete as modelled by 
CP110 is always changing, with the Young's modulus 
decreasing as load is increased. This is illustrated in 
Fig. 5.lb where a number of these stress-strain 
relationships have been plotted up to the prescribed stress 
2 
of 1 N/mm . 
Now, points a 1 , a 2 . 
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a 
n 
in Fig. 5.lb form a 
stress-strain envelope, shown dotted. The envelope is, in 
fact, a stress-strain relationship for the concrete in 
tension at the level o:f the tension reinforcement. Since 
the stress is constant at 1 N/mm 2 , it is strain independent. 
Thus CPllO models the behaviour of 
concrete by defining a stress-strain envelope and then using 
it in conjunction with a linear stress-distribution in the 
tensile concrete that has a value of zero at the neutral 
axis. 
This is an extremely useful way of viewing the problem 
which can be generalised as follows:-
1. A stress-strain envelope is defined to 
describe the behaviour of the tensile concrete 
at some convenient level on the beam cross-
section (which for CPllO is the level of the 
tensile reinforcement) . 
2. In conjunction with the above, the form of the 
stress distribution in the tensile concrete is 
defined, (which for CPllO i.s linear). In the 
general case this may well change as load is 
increased. 
CPllO fails to achieve a good representation of the 
moment-curvature relationship because the parameters it 
adopts are insufficiently sophisticated. We shall now 
cortsider how they can be developed. 
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5. 3 Development of the Partially cracked Section 
Let us consider how the tensile stress in the concrete 
at the bottom (tensile) face of a beam varies as the applied 
moment is increased from zero to its ultimate value. Clark 
and Speirs ( 20) have reported the following model, which 
retains the concept of averaged concrete tensile stresses. 
It is illustrated in Fig. 5. 2. 
Initially the stress increases linearly with respect 
to strain until the first major crack forms at a stress :ftl 
and a strain etl. Increasing the moment initiates further 
major cracks and the stresses and strains continue to 
increase, but the former do so at a decreasing rate. 
continues until the last major crack forms at a stress ft
2 
This 
and a strain et
2
. Further increase in moment results in a 
continuing increase in strain, but the stress now falls 
owing to the breakdown of the bond between the tension 
reinforcement and the surrounding concrete. Effectively 
this means that the reinforcement carries an ever greater 
share of the tensile force in the beam. 
It is likely that ftl < ft < ft 2 where ft is the 
ultimate tensile strength of the concrete, and Clark and 
Speirs suggested values for ftl and ft 2 of o. 9 ft and 1. 1 ft 
respectively. 
substantial 
However, 
investigation 
although 
of the 
they undertook a 
tension stiffening 
phenomenon in reinforced concrete beams and slabs (20) they 
did not attempt to justify this hypothesis experimentally. 
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Now F'ig. 5.2 can also be used as a stress-strain 
envelope, this time relating stress to strain at the bottom 
face of the section rather than at the level of the tension 
reinforcement as was the case with Fig. 5.1b. However to 
use it as such, the forms of the tensile stress 
di~tributions in the concrete at all stages of loading have 
to be known, and these may well not be the simple linear 
distributions adopted by CPllO. 
Since this approach is a more sophisticated model for 
the behaviour of the concrete in tension, its use should 
lead to an improved representation of the moment-curvature 
re1ationship. 
Experimental evidence to support Fig. 5.2 and to 
determj_ne the form of the stress distribution for the 
concrete in tension was thus sought. 
- 39 -
6. TESTING AND PRELIMINARY ANALYSIS OF RESULTS 
6. 1 Details of Test Beams 
The results of 14 beam tests were kindly made 
available by the Cement and Concrete Association. The beams 
were all. nomin~_lly 3. 5 m long and 200 mrn wide with depths 
varying from 200 mm to 500 mm. Tension reinforcement 
percentages varied from 0.44% to 1.99% and the reinforcement 
used was GKN Torbar . Cover to the centre of the tension 
reinforcement was nominally 35mm and nominal top steel was 
also provided in each of the beams. 
dimensions of the specimens. 
Fig. 6.1 summarises the 
The beams were all tested in a four point bending 
arrangement which gave a constant moment zone of 1200 mm and 
two shear spars of 1000 mm each (Fig. 6.2). Longitudinal 
surface strains in the constant moment zone were measured at 
each load stage by using a grid of Demec points having 
gauge lengths of 200 mm. The layout of the Demec points is 
shown in Fig. 6 . 2 and it enabled strains to be determined 
over a total gauge length of 1000 mm so as to even out the 
effects of cracking. 
Associated with each beam, control specimens were 
tested to obtain the ultimate compressive strength, indirect 
tensile strength, and compressive stress-strain relationship 
for the concrete. The tensile stress-strain relationships 
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for specimens of the reinforcement were also found. Results 
for the concrete control specimens are summarised in Fig, 
6. 3. 
A detailed description of the test beams has been 
reported in reference 20. 
6. 2 Preliminary Analysis of Results 
6. 2. 1 Regression Line Analyses 
The test data was supplied to the author in the 
form of raw Demec readings as this was the most basic way in 
which it could be presented. 
A computer program was written which converted the 
Demec readings (about 4000 in total) into strain values, and 
then performed a linear regression line (least squares) 
analysis to obtain the following strain distributions across 
the depth of the section:-
(i) 
(ii) 
(iii) 
For each individual column of Demecs. 
For the centre three columns of 
taken together. (i.e. 
length overall) . 
For all five columns 
together. 
overall) 
(i.e. 1000 
of 
mm 
600 mm 
Demecs 
gauge 
Demecs 
gauge 
taken 
length 
These combinations enabled a comparison to be obtained 
between the strain distributions at five locations along the 
beam ( (i) above) and the average strain distributions of 
( i i ) and ( iii ) . The average strain distributions would also 
be used in the subsequent analysis. It was thought that 
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approach (iii) would provide the best average strain values 
since it had the greatest overall gauge length of 1000 mm. 
However (ii) was included out of interest to observe those 
differences, if any, which resulted from the shorter, 600 mm 
gauge length . It also provided a check on (iii) as the 
outermost Demec points were close to the loading points, 
which might distort the readings. 
From each regression line, the following values were 
calculated:-
Top (compression) face strain. 
Strain at the level of each line of Demec points. 
strain at the level of the tension reinforcement, 
Bottom (tension) face strain. 
Flexural stiffness. 
Curvature. 
A typical page of output from the regression line 
program is shown in Fig. 6. 4. 
6. 2. 2 Discussion of the Regression Line Analyses 
some interesting points emerged from the 
regression line analyses. 
Before the first crack formed, there was close 
agreement between the individual regression lines. This was 
observe as would be hoped, but was reassuring to 
nevertheless. 
As the cracks formed there were marked differences 
between the individual regression lines for zones which 
contained a crack (or cracks) and those which did not. 
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These differences became more marked still as load was 
increased. 
Approaches (ii) and (iii) were generally in good 
agreement during the early stages of loading, although with 
some beams there were quite marked divergencies once all the 
major cracks had formed. These will be discussed in more 
detail later. However, as will also become apparent later, 
it is this early phase, where the correlations were good, 
that is crucial, and so it seemed only necessary to use the 
five column results in the ensuing analysis. 
Correlation between the actual measured strains and 
the equivalen·t values calculated from the regression lines 
was good and justified the assumption of linear strain 
distributions across the section. 
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7. DETAILED ANALYSIS OF RESULTS 
7.1 Introduction 
The average strain distributions given by the 
regression line analyses formed the basis for the further 
analysis now to be described. The analysis was performed 
by computer using software purpose written by the author. 
Data was handled on a beam-by-beam basis and the first 
part of the input was concerned with basic section data 
(depth, breadth, reinforcement areas and covers) followed by 
the stress-strain relationships for the steel and concrete 
in the linearised form described earlier. Then, for each 
load stage in turn, values of applied moment, curvature, and 
strain at one level on the section (which could be the 
strain in either the tensile or compressive reinforcement or 
the strain on the bottom face) were input. The curvature 
and strain value were obtained from the "five colwnn" 
average of the regression line analysis, and provided 
sufficient data to define the average strain distribution 
across the section. 
In the final version of this program, the analysis of 
this data was extremely comprehensive. However, this was 
the result of two distinct phases in the analytical process 
and it is convenient to treat these separately. 
7 . 2 Calculation of Forces, Moments and Eccentricities 
The first phase of the analysis was to calculate for 
each beam at every load stage the stresses in the tensile 
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and compressive reinforcement and the stress distribution in 
the concrete in compression. This was easily done by 
relating the stress-strain data to the average strain 
distributions. 
The program then used this information to calculate 
the forces in the reinforcement in tension (Fat) the rein-
forcement in compression (F ) 
sc 
and 
compression (F ) . Calculation of F 
cc cc 
the concrete in 
involved numerical 
integration of the non-linear stress distributions across 
the concrete in compression. 
Next the moments of Fat 1 F sc and Fcc about the neutral 
axis were calculated (M tl M and M 
s sc cc 
respectively) It 
was now simple to calculate the average force in the 
concrete in tension (F ct) I the moment of this force about 
the neutral axis (Met) and the eccentricity of this force 
relative to the neutral axis (ect) 
F -F +F -F 
ct- cc sc at 
(7. l) 
= Applied Moment - M - M - M
8
t 
cc sc 
(7' 2) 
(7. 3) 
It was originally hoped that the shape of the average 
stress distributions across the concrete in tension would be 
determined by examining how ect varied as the beams were 
loaded. It was obviously desirable that the form of the 
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average stress distribution in the tensile concrete should 
emerge from the data rather than having to be imposed upon 
it. 
:t Regret/....~ly this was not possible since the variation 
of ect was too scattered for any reliable conclusions to be 
drawn. Consequently it was decided to effectively reverse 
the procedure by selecting some simple forms for the stress 
distribution in the tensile concrete and see how well they 
fitted the data. This was phase 2 of the analysis. 
7. 3 Trial Stress Distributions for the Concrete in Tension 
In view of the scatter in the results just referred 
to, it was decided that simple shapes only should be used as 
trial stress distributions. Consequently triangular, 
rectangular and rectangular-triangular shapes were selected 
(Fig. 7. 1) . The triangle seemed an obvious one to try and a 
precedent had already been set for its use in Appendix A of 
CPllO. The rectangle was likely to be less appropriate but 
was included because of its use, again by CPllO, as the 
equivalent rectangular stress block for concrete in 
compression, and there might be some sense in keeping to a 
consistent approach when dealing with the concrete in 
tension. The rectangular-triangular shape was slightly more 
complicated but had the virtue of biasing the stresses 
towards the bottom of the section and giving a zone of 
constant stress around the reinforcement. It was thought 
that this might provide the truest simple representation of 
the real situation. 
- 46 -
The bottom face stress, fbf' was calculated for all 
three shapes at every load stage and a correction was made 
each time for the area occupied by the tensile 
reinforcement. For the triangular and rectangular shapes 
this was particularly simple since the depth in tension was 
readily obtainable from the strain distribution across the 
section. However, two values of fbf were obtained for both 
could shapes each time since F ct and Met 
independent bases for the calculation. 
Triangle:-
or 
fbf; :2F ct xb 
2 (x bb - 2 Ast xd) 
Rectangle:-
fbf ; Fct 
(~b-Ast> 
or fbf = 2 Met 
2 (~ b- 2 Ast xd) 
be 
where ~ = Distance from neutral axis to bottom face 
=Distance from neutral axis to centre 
reinforcement. 
used as 
(7.4) 
(7.5) 
(7.6) 
(7. 7) 
of tension 
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For the rectangular-triangular shape I there were two 
unknowns I fb£ and hrt (see Fig. 7. 1) . These were calculated 
from the expressions 
(7. 8) 
2 
2 2 (xb ~hrt ) b fb£ 
(7. 9) 
2 
For hrt > xd the last term in both equations was 
multiplied by xd/hrt. 
Thus both F ~t and Met 
calculate one v~e of fbf. 
were required 
Equations (7.8) 
in order to 
and (7. 9) were 
only valid for xb/2 < hrt < 2~/ 3 (approximately I due to the 
influence of the area of the tensile reinforcement) 
In practice an iterative procedure was adopted to 
solve equations (7.8) and (7.9) because it was not known in 
advance if hrt was greater or smaller than xd, although the 
former, of course, was likely to be an undesirable solution. 
Results for the rectangular-triangular stress 
distribution were scattered and thus this had to be regarded 
as an inappropriate shape, or at least one that was not 
supported by the data. Regrettably, it could not be 
preceeded with. 
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Results for both the triangular and the rectangular 
stress distributions looked more encouraging and so plots of 
fbf/ft against ebf' the corresponding bottom face strain, 
were made for each beam for both shapes. The normalization 
with respect to ft, the indirect tensile strength of the 
concrete for the beam being considered, facilitated 
comparison. These curves are shown in Figs. 7.2.1 to 
7.2.14. 
Both shapes gave curves that consistently had the 
general form postulated in Fig. 5.2. However, the values of 
fbf/ ft for the rectangular stress-block were always well 
below 1.0, implying that the concrete never came near to its 
ultimate tensile strength, This was considered to be an 
incorrect representation of the real behaviour, so this 
shape also was not proceeded with. 
The curves for the triangular stress-block were much 
rising rapidly to more promising in that they showed fbf 
around ft and then decreasing less steeply thereafter. 
There were exceptions, such as Beam 1 which exhibited a 
rapid stress decrease and Beams 2, 1.0 & l.l. which showed 
little or no decrease at all, but taken overall they 
appeared to provide experimental evidence consistent with 
the envelope concept outlined in Fig, 5.2. It was decided 
to proceed with this approach and see if sensible parameters 
could be developed for its description. 
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7. 4 Evaluation of Envelope Parameters 
The load stages at which the first and last cracks 
formed were determined for each beam by plotting curves of 
applied moment against Demec reading for each of the five 
Demec gauge lengths on the bottom row of each beam. Abrupt 
changes in the slopes of these curves indicated the 
formation of cracks. Once the load stages at which the 
first and last cracks formed in a particular beam had been 
identified, then the results of the regression line analysis 
of the Demec readings (See Section 6.2.1) gave the 
appropriate values of et1 and et2 . stresses ft 1 and ft 2 
were then obtained from the a~sis described in section 
7. 3. The values of et 1 ' et2 ' ft 1 and ft 2 for all the beams 
are listed in Fig. 7. 3. 
Averaging all the beams gave values of 0. 80 ft for ftl 
and 1. 06 ft for ft 2 with standard deviations of o. 23 ft and 
o. 11 ft respectively. These are in good agreement with the 
corresponding values of 0. 9 ft and 1. 1 ft suggested by Clark 
and Speirs. 
et1 was expected to be close to the ultimate tensile 
strain of the concrete. An average of 89.3 microstrain was 
obtained with a standard deviation of 43.0 microstrain. 
This standard deviation was undesirably high and was caused 
in part by the use of discrete load stages in the testing of 
Qd 
the beams . Since at least some of the cracks undoubtilllly 
formed between load stages, then the approach adopted 
yielded lower bounds to the values of etl (and et 2 for the 
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same reason) . Finer load increments would have allowed a 
more accurate identification of e 
t1 
reduction in the standard deviation. 
increased as the 
with a probable 
percentage of tensile 
reinforcement decreased (reinforcement percentages in the 
test beams ranged from 1. 99% to o. 44%) . 
between etl and et2 was sought. 
Now 
ftl = E 1 etl = Ml y 1 
Il 
ft2 = E2 et2 = M2y2 
12 
A relationship 
(7.10) 
(7.11) 
for the concrete, bending moments, distances from the 
neutral axis to the tensile face of the beam and second 
moments of area of the whole beam section for the first and 
last major cracks respectively. The relationships are 
approximate as it was assumed that the concrete had the same 
value of Young' a modulus in tension as in compression. 
Thus 
- = (7. 12) 
Now, E
1 
1
1 
is approximately equal to (EI)u, the fle-
xural stiffness of the uncracked section. E 2 I 2 can be 
expressed as F x (EI) where (EI) 1 cr cr is the flexural 
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stiffness of the fully cracked section and F 1 is a factor to 
be determined. 
Substitution into equation 7. 12 gives 
et2 M2 y2 1 (EI) u 
= (7.13) 
et1 Ml yl F1 (EI) cr 
or 
et2 (EI) u 
= F2 
et1 (EI) cr 
(7.14) 
where 
M2 y2 l. 
F2 = 
Ml yl Fl 
(7.15) 
Referring to equation (7 .14), et 2/et 1 was plotted 
against (EI) /(EI) using all the test beams except numbers 
u cr 
7 and 8 (Fig. 7.4). These two were omitted as they yielded 
points which were very scattered, beam 7 being very high and 
beam 8 being very low. The cause of this was believed to be 
experimental. These beams had the lowest reinforcement 
percentages (0.44% and 0.45% respectively) as a result of 
which the last major cracks formed at comparatively high 
strains by which time the load increaments were becoming 
quite large. This made an accurate determination of et2 
difficult for the reasons outlined earlier. 
Inspection of the twelve points plotted suggested that 
it would not be unreasonable to assume a linear relationship 
between et 2;et1 and (EI)u/ (EI)cr even though there was some 
scatter of the results. This meant that F 2 in equation 
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(7.14) was a constant. A linear regression analysis yielded 
F 2 == 0.99 with an intercept of -0.013 (et 2;et 1 ) on the 
ordinate. 
For comparison, values of F 
2 
were worked out 
individually for each beam using the results of the analyses 
described earlier to evaluate the terms in equation 
These gave a root-mean- square average of 1. 13 for F 
2
. The 
agreement was considered to be good bearing in mind the 
experimental problems with work of this nature. 
7. 5 Envelope Parameters for Design 
The suggested relationship between fbf/ :ft and ebf is 
shown in Fig 7.5. The experimental evidence supported the 
shape postulated in Fig. 5.2 but was insufficiently detailed 
to allow the exact form of the curve to be determined. 
However approximating it to three straight lines seemed 
reasonable. The first two of these, up to the peak stress 
of 1.1 ft were in close agreement with the experimental 
curves of Figs. 7.2.1 to 7.2.14, but the third line 
representing the descending part of the curve was inevitably 
more conjectural. The experimental evidence was too 
scattered to enable a mathematical fit to be attempted so 
the rather more arbitary approach of assuming that tension 
stiffening effects ceased when ebf reached 2500 microstrain 
was adopted. This corresponds approximately to the strain 
at which high yield reinforcement reaches its full yield 
stress and thus seemed a not unreasonable assumption. The 
other parameters were as discussed earlier with et 1 taken as 
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100 microstrain and F 2 taken as 1. 0 to give et2 
(EI) u/ (EI) cr. In addition values of 0. 8 ft and 1. 1 ft
2 
adopted for ft 1 and ft 2 respectively. 
100 )( 
were 
It was appreciated that this linearisation of the 
descending part of the curve could lead to an overestimation 
of the tension stiffening effect in a number of cases. 
However the author was loath to experiment with alternative 
representations as the selection of a more sophisticated 
curve could only be done on a rather random basis. 
Consequently it was decided to investigate the moment 
curvature relationships that would be generated using the 
stress-strain envelope of Fig, 7. 5, 
7. 6 Curve Modelling Examples 
The computer program described in Section 4 was 
developed to accomodate the stress-strain envelope of Fig. 
7.5 and a linear stress distribution across the concrete in 
tension. It was ·then used to calculate the moment curvature 
relationships for the fourteen test beams, These are 
illustrated in Figs. 7.6.1 to 7.6.14 where they are compared 
with the experimental points obtained from the analyses of 
the Demec data. 
Results from both the three column and five column 
analyses (see section 6 . 2. 1) were plotted. As indicated 
earlier, they were in close agreement in the early stages of 
loading, where the values of ftl, ft 2 , ~ and et.~ were 
evaluated, but in a number of instances diverged later . 
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This was probably due to varying rates of crack widening 
along a specimen and illustrates the difficulty of obtaining 
an absolute moment-curvature relationship for a particular 
beam. The "no tension" curves were included to give each 
beam a theoretical lower bound, which was nevertheless 
crossed by the experimental curves for bea~ 1. The reason 
for this was not clear, but was possibly due to early 
yielding of the reinforcement across one (or more) of the 
cracks. This was also a beam with a high reinforcement 
percentage (1. 91%) which made it particularly awkward to 
test. It was interesting to note the increased effects of 
tension stiffening as the reinforcement percentage was 
reduced. 
The calculated curves generally modelled the 
experimental behaviour well. They were sensitive both to 
variations in the reinforcement percentage and to the non-
linear nature of the steel stress-strain curves at strains 
above 1500 microstrain. Beams 1 and 5 had the poorest 
agreement between the experimental and calculated curves . 
The problems with beam 1 have already been indicated. The 
reasons for the discrepancies in the case of beam 5 are not 
clear. 
There may be an overestimation of the tension 
stiffening effect as modelled by the calculated curves, but 
based on the available evidence it would appear to be 
slight. 
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Reference to Fig. 3.7 will indicate that current 
procedures all underestimate the contribution of tension 
stiffening, some quite considerably. Curves for the current 
procedures have not been included in Figs. 7.6.1 to 7.6.14 
for reasons of clarity, but since the relative relationships 
of Fig. 3,7 are applicable £or .;~_ll reinforcement 
percentages, it is the author's opinion that the model 
developed in this thesis has been demonstrated to be an 
advance over those methods which are currently in use. A 
decription of it has been published in the Proceedings, Part 
2, of the Institution of Civil Engineers (22) 
7.7 Developments 
While working on the material of Part I the author 
became increasingly curious as to what the longitudinal 
strain distributions in the tensile reinforcement of a beam 
really were and decided that this was a problem worthy of 
further investigation. The behaviour of the tension zone of 
a beam was modelled by testing a series of simple tension 
specimens in the laboratory. Electric resistance strain 
gauges were used to measure the reinforcement strains. It 
is these tests, with their use of a specially developed 
technique for measuring reinforcement strains, which are 
described in Part II of this thesis. This work was funded 
by a grant from the Science and Engineering Research 
Council. 
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Part II 
REINFORCEMENT 
STRAIN DISTRIBUTIONS 
IN 
REINFORCED CONCRETE 
TENSION SPECIMENS 
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8. THE STRAIN GAUGING TECHNIQUE 
8. 1 Previous Work 
A number of procedures have been developed over the 
years for measuring longitudinal reinforcement strains. An 
indirect approach is to interpolate from surface strain 
measurements made either with a oemec gauge or with surface 
mounted strain gauges, but this is obviously approximate 
since it is difficult to perform the interpolation with any 
real degree of confidence or accuracy. However, the Demec 
gauge can yield very useful data when used carefully and for 
this reason it has been widely adopted for a whole range of 
strain measuring applications. A drawbaclt is that since a 
gauge length of 200 mm is typically used, the readings give 
average rather than local strain values. Gauges with 
shorter gauge lengths are available but these have reduced 
sensitivity and accuracy. For example, reducing the gauge 
length from 200 mm to so mm (which is still large in real 
terms) and assuming an accuracy in reading of ±1 division 
means a reduction in sensitivity from ±8 microstrain to ±20 
micro strain with a corresponding loss of accuracy. 
Nevertheless, gluing Demecs studs to the surface of a 
concrete specimen is straightforward which is more than can 
be said for the alternative of mounting strain gauges 
directly onto a concrete surface, an operation well known 
for its awkwardness even when big gauges are used. 
Consequently the use of surface mounted strain gauges is 
-------------------
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comparatively rare. A hybrid method mounts the gauges on 
short steel beams which then locate into pairs of Demec 
studs but this then gives the large gauge length problem 
already encountered. 
Another method is to fix pins to the reinforcement 
which then project through to the surface of the concrete in 
specially formed ducts. Strain measurements are taken at 
the surface using a Demec gauge. This is an awkward method 
to perform in practice and the pins have to be kept short to 
avoid flexing and consequent loss of accuracy. In addition 
it too yields average, not localised, strain values. 
The use of electric resistance strain gauges to 
measure reinforcement strains is obviously attractive since 
the data they yield is both more localised and an order of 
magnitude more sensitive than Demec readings. However, 
bonding strain gauges to the surface of the reinforcement 
degrades the bond characteristic between the rod and the 
surrounding concrete, and the lead wires are also a 
disturbance as they have to be taken out through the 
concrete to the sides or ends of the specimen. 
A partial solution to these problems is to install 
both the gauges and the wiring in a groove milled in the 
surface of the reinforcement. This works reasonably 
satisfactorily if only a few gauges are used but it still 
results in a rod surface which is different from the 
prutotype. This problem becomes worse as the number of 
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strain gauges to be installed increases and for this reason 
this procedure is unsuitable for large scale gauging 
operations. 
To get round this difficulty, the author devised a 
technique which involves installing the strain gauges in a 
milled duct running longitudinally through the centre of the 
reinforcement, the lead wires being taken along the duct and 
out of the ends of the rod. This leaves the steeljconcrete 
interface completely undisturbed and, as will be shown 
later, a large number of gauges can be installed in quite a 
small duct. Detailed and reliable measurements of 
reinforcement strains are obtained with no disturbance of 
the surrounding concrete. 
Although the author devised this method working 
independently, it was subsequently found to have been used 
by others, starting with the work of Mains in 1951 (23). 
Mains used it to study reinforcement strain distributions in 
beams and his work and results are most interesting, not 
least for their insight into the strain gauging techniques 
of nearly 35 years ago. However, since then there have been 
considerable advances in concrete mix design and 
reinforcement quality as well as a remarkable 
miniaturization of the strain gauges themselves. Strain 
gauge instrumentation has of course advanced very 
dramatically in only the last few years and this trend can 
be expected to continue. 
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Mains' work seems to be unique in that he studied the 
reinforcement strain distributions all along a beam and thus 
obtained a general picture of the behaviour from first 
loading through to the yield of the tension reinforcement. 
Subsequent workers have concerned themselves with studying 
more localised problems with p;:;~_rticular emphasis on 
investigating bond stress-slip relationships • This trend 
seems to have started with Nilson in 1971 ( 24) , who 
considerably refined the technqiue, and continues to the 
present time (25) . The specimens used tend to be small. 
Although Mains• work was remarkable in its day, it was 
felt that the technical advances of 35 years made another 
general investigation of reinforcement strains worthwhile in 
order to further the understanding of the tension stiffening 
phenomenon. As has already been intimated, it was decided 
that as it was the behaviour of the concrete in tension 
below the neutral axis that was of prime interest, the 
problem could be rationalised to that of testing simple 
tension specimens rather than complete beams. This was 
obviously a compromise as effects caused by the flexing of 
the compression zone were to be ignored. However, the 
simplification of the experimental technique which this 
approach affords has made it attractive to other 
investigators also (26) . 
Reinforcement strains were to be measured by a further 
development of the internal strain gauging techni'lue that 
would take advantage of current strain gauging and strain 
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measurement technology to increase considerably the number 
of gauges that could be installed in a rod. As already 
stated, the conceptual ideas behind this approach were 
developed by the author working independently, but he 
readily acknowledges the previous work of Mains et al in 
this field. 
A description of how each strain gauged rod was 
manufactured now follows. 
B. 2 Rod Manufacture 
Each strain gauged rod was formed by milling two 
reinforcing rods down to a half round and then machining a 
longitudinal groove in each to accommodate the strain gauges 
and their wiring (Figs. 8.1 and 8.2). After installation of 
the gauges the two halves were glued together so that 
outwardly they had the appearance of a normal reinforcing 
rod, but with the lead wires coming out at the ends. Both 
mild and high yield (Torbar) steel reinforcement was used, 
and the rods were all 2.6 m long and either 12 mm or 20 mm 
diameter. With the former the groove in each half of the 
rod was 5 mm wide and 2.5 mm deep, while with the latter it 
was 7 mm wide and 3.5 mm deep. The easing of the duct size 
in the 20 mm rods was done not to allow more strain gauges 
to be installed, but rather to give more room for the strain 
gauge installation procedure itself. 
The feasibility of this technique was demonstrated in 
a final year undergraduate project supervised by the author 
(27) and this early work was later published (28). The 
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technique was developed to the stage where 84 strain gauges, 
each connected with three lead wires, were installed in a 
duct of overall size 5 mm x 5 mm. This is believed to be a 
unique development of this strain measurement procedure. 
8. 3 Bondinq and Protection 
The strain gauges were installed using an cyanoacrylic 
adhesive and protected with a polyurethane varnish. 
Considerable care was needed in organising and successively 
bonding down the lead wires as these were added, starting at 
each end and working towards the middle. Finally the two 
halves of the rod were bonded together with an epoxy resin 
which also filled any remaining spaces in the duct. 
The gauge installation was designed to be completely 
waterproof and it withstood the rigours of concreting 
without difficulty. Long-term performance in a fully 
saturated environment was not fully assessed since the 
specimens were cured under damp hessian rather than by total 
immersion in a curing tank. 
8.4 Wiring 
The space available in the duct was severely limited 
which necessitated using very small diameter lead wires. A 
two wire, common dummy, installation was tried at first but 
gave problems with stability since the small lead wires were 
necessarily about four metres long and so had significant 
electrical resistance when used with the 120 ohm gauges 
employed. These stability problems (thought to be thermal) 
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were cured by changing to a three wire common dummy 
arrangement. This required even smaller lead wires, but 
this was now acceptable since the three-wire system 
effectively eliminated all lead wire resistance. 
8. 5 System Reliabili tv 
After the inevitable learning period with the early 
rods, the reliability of the strain gauge installations 
became very good with a gauge failure rate during 
installation of only 1 to 2%. This excellent perfomance 
was due largely to the meticulous care of the project • s 
technician, Mr. T.D. Harrison. 
occasionally a few gauges would fail during a test 
when high strain levels were reached, particularly in the 
region of cracks in the concrete, but this was only to be 
expected. 
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9. SPECIMEN DETAILS 
9.1 SpecimenDimensions 
The main test series consisted of thirteen specimens 
all 1500 mm long with square, uniform cross-sections ranging 
from 70 mm x 70 mm up to 200 wm x 200 mm (Fig. a 1 \ ..J •• , 
were reinforced with either 12 mm or 20 mm diameter strain 
gauged rods positioned centrally in the cross- section and 
extending right through the specimen. Both plain mild steel 
and ribbed high yield steel (Torbar) reinforcement was used. 
The chosen cross-sections (70 mm x 70 mm, 100 mm x 100 mm 
140 mm x 140 mm and 200 mm x 200 mm) gave a doubling of the 
cross-sectional area for each step-up in size, and the ratio 
of the rod areas was 3. o: 1 (after deduction of the duct 
area) . One early specimen had a 150 mm x 150 mm cross-
section. This choice of specimen sizes gave a wide range of 
covers and reinforcement percentages. 
In addition to the main test programme two further 
tests were undertaken. The first of these involved a 
specimen made with lightweight aggregate concrete (using 
Pellite aggregate) while the other used dense concrete but 
had a 300 mm x 100 mm rectangular cross-section. These two 
tests were largely viewed as a pilot studies for possible 
future developments of the work. 
Details of the specimens are given in Fig. 9. 2. A 
coding system has been adopted to identify each specimen 
consisting of cross-sectional dimension, followed by the 
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reinforcment type (R for mild steel, T for Torbar) followed 
by the bar diameter . 
It will be noted that only fourteen specimens appear 
in Fig. 9.2. In the case of the first lOOT12 specimen there 
were strain gauge s-tability problems and failure of the load 
measuring instrumentation during the teat. This test was 
therefore repeated and only the repeat specimen is included 
in the Figure. The 70R12 specimen was also repeated because 
the expected gross yield of the reinforcement was not 
observed first time, However, both these specimens are 
included in Fig. 9.2 because they both yielded useful data. 
Subsequent hardness measurements revealed that the rod in 
the first test was unusually hard and thus had an 
untyp.ically high yield strength. 
9. 2 Fod Gauging Layouts 
The first rod gauged (for Specimen 100R12) had 40 
gauges, 3 mm gauge length, overall size 9 mm by 3,5 mm, at 
25mm centres along the central 1 m of one half to provide an 
overall picture of the strain distribution, whilst the other 
half had 30 similar gauges at 10 mm centres together with 
two strain concentration gauges. These latter, which 
contained 5 elements each of 1 mm gauge length at 2 mm 
centres, proved particularly difficult to install because of 
their side lead attachments. The second rod (for specimen 
150R12) had a similar arrangement, but with the position of 
the strain concentration gauges moved to the centre of the 
rod. 
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Experience with these two installations led to the 
abandonment o£ the strain concentration gauges on the 
grounds that there was no evidence o£ the very severe strain 
gradients initially anticipated and which had prompted the 
trials with these gauges in the £irst place. Instead it was 
thought more desirable to provide more uni£orm gauging along 
the central region o£ the rods. 
The third rod (£or the discarded Specimen lOOT12) was 
gauged so that there were gauges every 8 mm over the central 
500 mm and every 25 mm over the 250 mm each side o£ this 
central region. All subsequent rods (except that £or 
Specimen lOOT12P which is considered later) went to a 
standard layout with 80 gauges spaced at 12.5 mm intervals 
along alternate halves o£ the central 1 m o£ the rods. 
(Fig. 9. 3) . In addition two additional gauges were 
installed at each end o£ the rods, outside the zone o£ the 
concrete, to measure rod strains and so provide a 
correlation with the load measuring instrumentation. 
each rod contained a total o£ 84 strain gauges. 
Thus 
Be£ore concreting the rods were mounted in the test 
rig and load cycled in order to check the installation and 
minimise any hysteresis. The results £rom this procedure 
were also used to calculate an average value o£ cross-
sectional area £or each rod, as described later. 
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9. 3 Other Gauging 
All specimens carried sets of Demec gauge points (200 
mm gauge length) to allow measurement of average surface 
strains (Fig. 9.4) Some specimens also contained embedment 
strain gauges in the concrete (12 mm gauge length, overall 
size 30 mm x g mm x :2, 5 mm) These were always restricted 
to one half of the specimens as it was considered that they 
might act as crack inducers. Depending on the specimen 
cross-section one, two, three or five rows of embedment 
gauges were used to investigate the strain gradients from 
the reinforcing rod to the surface of the concrete. The 
layouts of the embedment gauges are shown in Fig. 9. 5. 
The gauges were positioned in the mould using a 
grillage of fine wires (Fig. 9.6). The number of wires was 
kept to a minimum but even ao they were inevitably a 
potential source of disturbance in the concrete. 
9. 4 Mix Design Details 
Concrete for the specimens had a maximum aggregate 
size of 10 mm (determined by the spacing of the embedment 
gauges), a water:cement ratio of 0.6 and an aggregate:cement 
ratio of 5. 5. Three test cubes and three cylinders were 
cast along with each specimen for the determination of 
compressive 
respectively. 
strength and indirect tensile strength 
Specimens were cured for 7 days under damp 
hessian and were normally tested at or about 28 days after 
casting. 
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10. EQUIPMENT AND TEST PROCEDURE 
10. 1 The Data Collection system 
10. 1. 1 Hardware 
A data collection system was conunissioned to handle 
the large quantity of data that the test progra.rnme would 
generate. The system consisted of an Intercole Spectra-rna 
logger linked to a Cifer 2684 microcomputer. 
illustrated in Fig. 10. l. 
It is 
The logger handled 208 channels of input data and was 
constructed in modular form with individual modules for the 
microprocessor unit, analogue to digital converter, 
instrumentation amplifier and power units. 
there were thirteen wiring modules each 
In addition 
acconunodating 
sixteen channels of input data. Switched, twin constant 
current energising was provided which was suitable for all 
resistive transducers. 
The logger had a sensitivity of ±1 microstrain and 
readings from the strain gauge installation as a whole were 
accurate to better than ±5 microstrain. This was achieved 
at the expense of measurement speed which, at 8 
channels/second, was low, but entirely satisfactory for the 
quasi- static condi tiona which prevailed. 
The Cifer 2684 microcomputer featured 64K of memory 
and a built-in 51/ •" floppy disk drive. An additional 
external 51;," floppy disk drive was also acquired. Each 
disk gave approximately 384K of storage. The system ran 
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under a CP/M monitor control program which left around 56K 
of memory available for user-written programs. 
At the time of purchase (April 1.982) this data 
collection system offered a far more flexible and powerful 
data logging package than could be obtained at a similar 
price from an individual manufacturer. However, a side 
effect of this purchasing policy was that the interfacing of 
the logger with the microcomputer had to be done in-house. 
This major programming exercise was undertaken by the author 
and brief details of the software that was developed now 
foll.ow. 
1.0. l.. 2 Interfacing the Logger with the Microcomputer 
The logger's own microprocessor had an BK ROM and a 2K 
RAM. Together the ROM and the RAM interpreted instructions 
from the operator, operated the rneasurement and control. 
hardware and returned results to the operator. Data was 
returned along an RS232 serial line link in vol.ts for strain 
gauges and load transducers. 
The microprocessor was sufficiently powerful to al.low 
the logger to be operated from a standard keyboard via the 
RS232 link. However, in this configuration both input and 
output were rather cryptic. Much more flexibility and 
sophistication was achieved by having a supervising 
computer, since interactive input, enhanced output (such as 
display of strain gauge readings in microstrain rather than 
volts) and data storage for subsequent transfer to a 
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mainframe computer could then be developed to exploit the 
full potential of the logger • s own software. 
The interfacing program was written in FORTRAN and had 
two basic functions. Firstly it enhanced communication with 
the logger by giving assistance with input instructions and 
making output di9plays more comprehensive. secondly a 
sophisticated file handling capability was introduced for 
the storage of data. The basic structure of the interfacing 
program is illustrated in Figure 10. 2. 
Commands entered from the keyboard started with either 
or '* The logger responded to but ignored * commands. 
These latter, used for cummunication with the computer only, 
initiated operations such as the listing of command data and 
the creation of disk files. 
When a command was entered, the computer tested to see 
if it started with or *. If it' was a command, it was 
then decoded and the appropriate subroutine called to deal 
with it, J.r This occu~ed during the time the logger took to 
decode the command, so that by the time the logger replied 
the subroutine had already been called and was ready to 
process the response. Often this processing would involve 
calling additional subroutines. There were a total of 26 
subroutines which are listed in Fig. 10. 3. Their inter-
relationship is illustrated in Figure 10.4. Once execution 
was complete, the program re-cycled ready to receive the 
next command . Treatment of * commands was similar except 
that there were no logger repsonses to consider. 
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The FORTRAN software permitted up to nine disk files 
to be opened which enabled the hardware to log several 
experiments simultaneously, yet store the data on separate 
disk files. Storage of scan data was followed by a record 
r-
of the time at which the scan occur/...ed (found by software 
interrogation of the logger's own clock). Messages could be 
recorded on the files so that a chronological record of 
events was maintained along with the data. 
Other features were incorporated into the program to 
assist with the logging of long-term experiments. Details 
of these (which are not relevant to the experimental work in 
this thesis) will be found in the published descriptions of 
this data logging system and its associated software (29,30, 
31) . These papers also give more detailed descriptions than 
space here permits of the features outlined above. 
10. 1. 3 Interfacing the Microcomputer with the Main 
Departmental Computer Facilities 
At the end of a logging session the data was 
transferred from the disk files into the Department • s own 
computer system. This was a Perkin-Elmer 3230 which had 4 
megabytes of memory and served terminals throughout the 
Department. 
The microcomputer was connected from its normal 
working position in the laboratory to the Perkin Elmer via 
an RS232 serial line link. File transfer was achieved using 
software already available in the University and written 
mainly in PASCAL. This enabled the power of the larger 
- 72 -
machine to be used for a comprehensive data analysis 
operation, which will be described later. 
10. 2 Test Procedure 
The short-term tests were conducted in a purpose-built 
test rig (Fig. 10.5) and were each completed within one day. 
A manual hydraulic loading system was employed with the jack 
being located at the bottom of the specimen. Load was 
measured by a flat load cell at the top of the specimen and 
displayed on a meter giving a direct digital read-out. The 
voltage output from the load cell was also connected 
directly into the data logger via an output from the meter. 
The specimens were load~ incrementally with the 
increment sizes adjusted as the tests proceeded to reflect 
... 
the rates at which changes were occu~ng within the 
specimen. In particular very detailed information was 
sought immediately before and after the formation of cracks 
and this often demanded load increments as fine as o. 5 k.N. 
The applied load and a full set of strain gauge 
readings were taken and stored at every load stage. Time 
constraints precluded Demec readings being taken at all load 
stages, so a selective procedure was adopted with emphasis 
being given to the period during which the cracks formed. 
crack widths were measured, when appropriate, where the 
cracks crossed a set of three fine pencil lines drawn on 
each face (Fig. 9.4). This was done at the same time as the 
Demec readings, using an Ul tra-Lomara 250 b microscope. 
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Loading of the specimens was halted when the 
reinforcement had fully yielded. With mild steel rods this 
often resulted in very high strain readings. 
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11. ANALYSIS AND DISCUSSION OF RESULTS 
11. 1 Determination of Rod Cross- Sectional Areas 
A program was written by the author for the 
Department's Perkin Elmer computer to analyse the several 
thousand strain gauge ~e~dings generated by each test. The 
first function of the program was to present this data in a 
compact and readily comprehensible form. 
With the early rods, which had the non-standard 
gauging patterns, the numbering sequence used by the data 
logger did not coincide with the order in which the gauges 
were mounted in the rod. In addition, some of the data 
recorded was later found to be surplus to requirements. 
Thus the program first reorganised all the data into a 
logical sequence~ with the surplus readings omitted, and 
output this either on the screen or in hardcopy form. 
Perusal of the data was also assisted by an inter-active 
graphics routine written into the software. The readings 
were now in a form sui table for further computations, the 
first of these being the determination of an effective 
cross- sectional area for each rod. 
It will be appreciated that although the 12 mm 
diameter rods had, in theory, a cross-sectional area of 88 
mm2, and the 20 mm diameter rods an area of 265 mm2 (both 
allowing for the internal duct) these were only nominal 
values and variations were likely to occur both between rods 
and along individual rods due to machining inaccuracy. 
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After some trials with measuring rod diameters, this problem 
of rod area was resolved by the development of an analytical 
procedure which used the results of the load cycling 
procedure performed to eliminate strain gauge hystersis and 
referred to earlier. 
As the final part of the load cycling procedure, each 
rod was incrementally loaded until a strain level of about 
500 microstrain was recorded (safely within the elastic 
range of the stress-strain behaviour) and then unloaded 
using the same load steps. A linear regression (least 
squares) analysis was performed for both the loading and 
unloading curves using the average of all the strain gauge 
readings for each load stage. In all cases there was very 
little difference between the regression lines for the 
loading and unloading cases. The average of the two slopes 
was then taken which was proportional to the Young's modulus 
of the steel being used, This had already been determined 
as 207 kN/mm2 for both the mild steel and Torbar 
reinforcement by tests on solid specimens of each (Figs. 
11. 1. 1 & 11. 1. 2) . Calculation of an average rod cross-
sectional area thus followed directly. 
in Fig. 9. 2. 
These are tabulated 
As a check on variations along a rod, this procedure 
could be repeated for any individual strain gauge to yield a 
more localised value for cross-sectional area. some 
variations in area were apparent but they were not large 
enough to cause concern. 
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11. 2 Cracking - General Observations 
The strain distributions for all fourteen specimens 
are shown in Figs. 11.2.1 to 11.2.14. Generally the load 
stages before and after the formation of each crack have 
(" 
been plotted, although sometimes more than one crack occu~d 
at a particular load stage. Each plot also shows typical 
strain distributions for the higher load levels. 
The strain measuring technique recorded the strain 
distributions well and the way in which the strains peaked 
at the cracks and declined away from the cracks is shown 
most clearly. 
All specimens exhibited some bending which was 
characterised by strain readings on one side of the rod 
being higher than those on the other. The amount of bending 
changed as each crack formed with the specimens tending to 
become more curved or to straighten depending on the faces 
in which the cracks formed. Cracks had a tend~ncy to form 
on the cast face of the specimens first, perhaps because the 
concrete here would be less well compacted than elsewhere in 
the specimen and so have a lower Young's modulus value. 
Some bending was also inevitably caused by endemic curvature 
of the reinforcement and an accumulation of minor tolerances 
in the rig and test specimens. However crack propagation 
was considered to be the dominant influence on bending. 
Bending has been smoothed out from the plots of Figs. 
11.2.1-11.2.14 by the use of a simple averaging technique. 
Each "raw" strain value (e) was recalculated by the computer 
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according to the following expression:-
e = l 
e 
X 
+ 2e + e y 
4 
where e = the raw strain value to the left of e 
X 
e = the raw stra_in va_lue to the right of e y 
e 1 = the smoothed value of e 
It is the e 1 strains which have been 
(1L 1) 
plotted and 
which are used in all subsequent calculations, except for 
specimens 100R12, 150R12 and 100T12P where the non-standard 
gauging layouts were not amenable to this procedure. 
The data from the tests is summarized in Fig. 11. 3. 
Results for the concrete control specimens are given, 
together with the number of cracks in each specimen and the 
strains and loads at which the first and last of these 
cracks formed. Specimens 300/100T20 and 100Tl2P are both 
included in this and subsequent Figures, but the discussion 
will now deal with the square, dense concrete specimens 
only. specimens 300/100T20 and 100T12P are considered 
separately in section 11.7. For the main batch of specimens 
a number of general observations can be made. 
The number of cracks in a specimen decreased as the 
section size increased, from eight in the 70T12 to one only 
in the 200T20. cracks generally went round three faces only 
of the specimens ini tia11y, with the back face going into 
compression, as indicated by the Demec readings. Sometimes 
a crack would propagate all round the specimen at a later 
- 78 -
load stage but could do so straight away if it was formed at 
a high load level. Cracks were not continuous but consisted 
of a number of overlapping segments. Rod strains across a 
crack were typically 10% above the rod strains outside the 
specimen, due to crack- induced bending, 
For a given cro~~-section and rod diameter there were 
more cracks in the specimens having the Torbar than in those 
having the mild steel reinforcement. For a given cross-
section and rod type, there were more cracks with the 20 mm 
diameter than with the 12 mm diameter rods. crack spacings 
were generally fairly equal in any given specimen and 
increased as the number of cracks decreased. The upper 
limit on specimen cross- section for a particular rod type 
C' 
and diameter was dependent on avoiding gross yield occu~ng 
outside the concrete before a crack formed. With the larger 
r 
cross-sections the debonding which occu~ed at the end of the 
specimens would extend into the strain-gauged zone (e.g. 
Specimens 140R20, 150R12) . 
The strain distributions each side of a crack were 
remarkably linear which indicated that the bond stresses 
were essentially constant. This will be dealt with in 
greater detail later. cracks always developed between the 
debonding zones and generally from a plateau strain level of 
about 100 microstrain. However some cracks formed quite 
late (crack 4 in 100R20, crack 7 in 100T20, and crack 4 in 
l40T20) and it will be shown that these should be classified 
separately. 
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The strain distributions caused by early cracks would 
often be influenced by the formation of later cracks nearby, 
the tendency being for the strain gradients to be reduced. 
A similar effect would occur when a crack formed adjacent to 
a debonding zone. There was more debonding each side of a 
crack with the mild steel rods th~_n with the Tcrbar 
presumably, to more slip occuri_[ng between the rod and the 
concrete in the former case. The strain distributions for 
the 20 mm diameter rods had flatter peaks than those for the 
12 mm diameter rods. 
Creep would occur during the taking of Demec readings 
and caul d be quite marked (Fig. ll . 4) 
The crack width readings were a disappointment due to 
the difficulty of obtaining readings which were consistent 
from one load stage to another. variations in crack width 
over the width of even a very fine pencil line could be very 
considerable, and the sensitivity of the microscope used (a 
standard model) was an order of magnitude worse than that of 
a Demec gauge. No further reference to these readings will 
be made. 
11. 3 cracking - Detailed Analysis 
11. 3. 1 Pre-cracking strains 
The rate at which cracks propagate across a 
reinforced concrete tension specimen is very high. For all 
practical purposes crack formation can be considered to be 
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instantaneous with a sudden jump in reinforcement strain 
from its pre-cracking level to its post-cracking peak at the 
crack position. 
Interestingly ., a number of specimens exhibited 
localised peaks in the reinforcement strains at the crack 
positions, before the cracks actually propagated to the 
surface. Particularly marked examples were for the first 
crack in specimens 70R12/ 1 and 70T12 and for the second 
crack in specimen 70T12. 
are shown in Fig. 11.5 
The results for specimen 70R12/1 
Fig. 11.5 clearly indicates a ridge forming in the 
generally flat strain distribution as the load is increased, 
and by the time the cracking load of 12.0 kN is reached it 
has become quite extensive. It is not possible to be 
specific as to the cause of this, but two explanations 
suggest themselves. Either the rod cross-section was small 
at this point, thus raising the strains, or, perhaps more 
likely, debonding occu~d between the reinforcement and the 
surrounding concrete before the crack propagated rapidly to 
the surface. In practice a combination of the two would 
also be possible with a rod imperfection initiating 
localised cracking and hence debonding. This would be an 
interesting phenomenon to investigate further . 
11 , 3, 2 Reinforcement Strains 
Detailed information regarding the loads and 
reinforcement strains pertaining to each crack is given in 
Fig. 11.6. The first crack in the four specimens which 
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r 
contained embedment gauges always occu~d within the gauged 
zone and at reinforcement strains which were untypically 
low. It would seem that the embedment gauges influenced the 
cracking behaviour by acting to a certain extent as crack 
inducers. However, with three of these specimens (100T12, 
100T20, 140T20) the second crack occured. ;:IWM'V -··--~ from the 
embedment gauge zone and at load and strain levels more 
consistent with those for the first cracks in the other 
specimens (Specimen 200T20, the fourth embedment gauge 
specimen had one crack only) Thus when comparing the 
reinforcement strains at which the first cracks formed, it 
seemed more appropriate to use the crack 2 results for the 
embedment gauge specimens, (i.e. to treat crack 2 as the 
effective first crack) . This comparison is shown in Fig, 
11.7. 
The reinforcement strains just before the effective 
first crack (ef) appear to be independent of reinforcement 
type, diameter or specimen size. An average value of 99. 1 
microstrain was obtained with a standard deviation of 11.9 
microstrain. (Specimen 200T20 was excluded as it contained 
embedment gauges and had one crack only) . The corresponding 
values for the beams in Part I were 89. 3 microstrain and 
43.0 microstrain respectively (Section 7.4). This agreement 
was good. The reinforcement strains at which the last crack 
formed (e
1
) are also tabulated in Fig.11.7 and a plot of 
e 2;ef against reinforcement percentage is shown in Fig. 
11.8. Fig. 11.8 indicates that the data falls into two 
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groups. The majority of the specimens have values of ef;ef 
which lie in the range 1. 0 " e(fef < 1. 75 and which tend to 
increase with reinforcement percentage. Three specimens 
( 100R20, 100T20, 140T20) however have values of eR;ef of 
4. 34, 3. 40 and 5. 72 respectively which separate them from 
the majority. These high e~ f:ef values are caused by the 
last crack forming at an untypically high strain level {360, 
272 and 561 microstrain respectively) . Inspection of the 
strain distributions for these specimens revealed that the 
last cracks did not form from the usual plateau strain level 
of around 100 microstrain, but instead were propagated from 
a rather higher datum later in the test. It thus seemed 
more appropriate to use the penultimate cracks for these 
specimens as these cracks formed from the general plateau 
level and would provide a consistent comparison. The values 
of e lt/ef for these cracks are also shown in Fig. 11.7 penu 
and the revised points they yield for speci.mens 100R20, 
100T20 and 140T20 are indicated in Fig. 11.8. 
A rather more consistent picture now emerges for all 
the specimens. The regression line for this revised set of 
points indicates a slight upward trend, but this is really 
somewhat conjectural. For this revised set of points, e 
1
;ef 
is largely independent of reinforcement percentage and has 
an average value of approximately 1. 4. 
To attempt a comparison with the beam results in Part 
I (Fig. 7. 4) e /ef was plotted against (EA) I (EA) , t u cr the 
uncracked and cracked stiffnesses for the specimen 
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respectively (Fig. 11.9). (EA) 
u 
was calculated using the 
expression 
(11.2) 
where Pf was the load to cause the effective first crack. a 
linear load/ strain relationship being assumed up to this 
point. (EA) was based on the reinforcement area only. 
cr 
Fig. 11. 9 again shows how specimens 100R20, 100T20 
and 140T20 are isolated from the main group when e 
1
;ef is 
based on the last crack, but join the group when data for 
the penultimate crack is used. These points indicate a 
slight downward trend in contrast to the distinct upward 
trend of Fig. 7. 4. 
It is thus suggested that cracks in tension specimens 
can be categorized into two types. 
(i) Plateau cracks which form from a general 
strain level in the specimen of around 100 to 
200 microstrain and all occur over a fairly 
narrow band of loading. 
(ii) High strain cracks which form at higher 
strain levels in excess of 200 microstrain 
after the existing cracks have broken-up the 
pre-cracking strain plateau. They can occur 
at high load levels and in this test series 
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only one occu*d in any particular specimen. 
The final cracks in Specimens lOOR20, lOOT20 
and 140T20 are in this category. 
An essential difference between plateau cracks and 
high strain cracks is that plateau cracks form a crack 
pattern that is largely repeatable between similar 
specimens. High strain cracks, in contrast, seem to be 
determined by the conditions pertaining in a particular 
specimen and are thus specimen dependent. It is interesting 
to relate this to the work of Goto ( 32) who identified 
primary cracks and secondary cracks in tension specimens. 
The former provided the main crack pattern, whilst the 
latter were caused by some of the internal cracks around the 
reinforcement propagating sufficiently to reach the surface 
after the primary cracks had all formed. Thus Goto • s 
secondary cracks could be analogous to the high strain 
cracks observed in this work. 
11. 3. 3 Concrete Stresses 
The average concrete stresses just before the 
formation of the effective first crack, the last crack and, 
where appropriate, the penultimate crack were calculated and 
are tabulated in Fig. 11.7. The stresses were calculated at 
the crack position in each case. 
As with rod strains, these stresses appeared to be 
independent of the specimen parameters. Again excluding 
specimen 200T20, an average concrete stress of o. 67 ft was 
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obtained for the effective first crack with a standard 
deviation of 0. 08 ft. 
For the last crack there was again a dichotomy 
between specimens with plateau cracks only and those with a 
high strain crack. When the penultimate crack data was used 
for these latter specimens an average concret:e stress of 
0. 82 ft was obtained with a standard deviation of o. 14ft. 
The high strain crack specimens (lOOR20, lOOT20 and 140T20) 
gave values of 1. 39 ft, 1. 43 ft and 1. 27 ft respectively 
when using the data for the last (high strain) crack. 
It is interesting to note that these concrete 
stresses appear to be independent of rod type, at least for 
plateau cracks. For so long as the bond between the 
reinforcement and the surrounding concrete remains 
unimpaired, the development of cracks in a specimen seems to 
be dependent on the attainment of limiting stresses and 
strains in the concrete. As will be discussed in the next 
secion, it is with the post-cracking behaviour and the 
development of bond stresses that the differences between 
plain and ribbed rods become marked. 
The stress values of o. 67 ft and o. 82 ft may be 
compared with the val.ues of o. 80 ft and 1. 06 ft obtained for 
the beams in Part I (Section 7. 4) . Cracks in tension 
specimens woul.d seem to occur at l.ower stress levels and 
over a narrower stress band than those in beams. 
Interestingly the ratio of the two extremes is simil.ar in 
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both cases ( 1. 22 for tension specimens, 1. 33 for beams) . 
Above a stress of 0. 82ft in tension specimens high strain 
cracks can occur. It is not known if similar cracks can 
form in beams and if they do, on which side of the 1. 06 ft 
limit they will lie. 
11. 4 Bond Stresses 
11.4. 1 General 
For equilibrium the change in the tensile 
force along a reinforcing rod must be balanced by the bond 
between the rod and the concrete. Thus for a small length 
Ox over which the tensile force changes by OT, the bond 
stress fb is given by 
f = b 
OT 
Ox.u 
where u is the rod perimeter. 
(11.3) 
I£ the reinforcement is behaving elastically then 
(11. 3) can be re-written as 
where 
Ox.u 
E = Young's modulus o£ the reinforcement 
s 
A = Cross- sectional area of the reinforcement 
s 
(11.4) 
Oe = Change in reinforcement strain over the distance 
Ox 
In the limit 
Thus 
E A 
s s 
u 
for 
de 
dx 
elastic 
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(11.5) 
behaviour, the bond stress is 
proportional to the slope of the longitudinal reinforcement 
strain distribution, and a constant slope means that the 
bond stress is constant. But it should be remembered that a 
linear strain distribution having values in the post-linear 
range of the reinforcement stress-strain relationship does 
not imply a constant bond stress, The change in tensile 
forces over succeeding lengths Ox of the reinforcement will 
decrease as the strains increase meaning that the bond 
stress will be reducing. This will apply at strain levels 
above 1300 microstrain for the mild steel rods and above 
1600 microstrain for the Torbar. 
Bearing this in mind it is interesting to re-examine 
the strain plots of Figs. 11. 2. 1 to 11. 2. 12. 
Immediately apparent is the linear nature of the 
elastic strain distributions implying that the bond stresses 
were essentially constant at any given load stage. 
Exceptions to this were short zones adjacent to the cracks 
themselves and at the ends of the bond stress zones where in 
both cases the rate of reduction of bond stress was quite 
marked. In the latter case this was due to the transition 
from a zone of bond breakdown to a zone where the bond was 
unimpaired. Adjacent to the cracks bond stresses were 
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decreased due to gross bond breakdown between the 
reinforcement and the surrounding concrete, exacerbated by 
slip, or by yield of the reinforcement itself. With mild 
steel rods, in particular, a combination of these effects is 
likely to occur, especially at high load levels. 
Specimens 70Rl2/ 2 and 140Tl2 were exceptions to the 
norm of essentially constant bond stress distributions. The 
case of specimen 140Tl2 is straightforward as the 
reinforcement yielded as soon as the specimen cracked with 
strains of up to 6000 microstrain being recorded at the 
crack positions. For specimen 70R12/2 no specific cause can 
be suggested, but this specimen was an isolated exception 
amongst the group. 
11 . 4 . 2 Bond Stresses at crack Formation 
For all specimens except 70Rl2/2 and 140T12, a 
comprehensive programme of bond stress calculations was 
undertaken, within the elastic range of the reinforcement, 
involving manual measurement of the strain gradients from 
large scale (A2 size) plots of the strain distributions. 
Bond stresses were evaluated before and after the formation 
of cracks and then at typical load levels once the full 
crack pattern was established. 
The bond stresses developed each side of each crack 
immediately after its formation are tabulated in Fig. 11.10. 
The stresses are also shown normalized with respect to ft, 
the indirect tensile strength of the concrete. ft is 
recognized as being a dominant parameter in bond performance 
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( 3 3) . Specimen 70R12/2 and 140T12 are omitted for the 
reasons already indicated, and other blanks in the table are 
f" 
due to cracks occur~ng outside the strain gauged zone or due 
to local deviations from linear behaviour hindering sensible 
bond stress determinations. Tabulated also are the 
corresponding stresses in the reinforcement across each 
crack. Some interesting points emerge. 
When a crack formed in isolation the bond stresses on 
each side of the crack were similar, as would be expected. 
When a crack formed near to a debonding zone or adjacent to 
existing cracks, the bond stresses on each side of the crack 
could be markedly different e.g. crack 2 in specimen 
lOOT20, crack 1 in specimen 140R20, crack 2 in specimen 
140T20) . Usually the bond stresses were reduced, but 
specimen 200T20 indicates that the reverse was also 
possible. 
Fig. 11.10 shows that there is no unique value of bond 
stress developed in a particular specimen, but that bond 
stresses are dependent on the reinforcement stresses across 
the cracks. With Torbar specimens, bond stresses tend to 
increase with reinforcement stress, whilst with mild steel 
specimens they tend to decrease. This will be demonstrated 
in greater detail shortly, but here it means that care has 
to be exercised when using Fig. 11.10 to compare bond 
stresses between specimens as is it more correct to make the 
comparison at a common level of reinforcement stress rather 
than compare crack with crack. 
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On this basis, bond stresses in specimens reinforced 
with Torbar rods are higher than their mild steel companions 
by up to 70%. There are exceptions but they are isolated 
and caused by the strong influences of existing adjacent 
cracks. An example can be seen when comparing specimens 
lOOR20 and 100T20. 
11. 4. 3 Bond Stress - Rod Stress and Bond Stress -
Slip Relationships 
Bond stress rod stress relationships were 
plotted for each specimen in order to investigate further 
the rising and falling trends suggested by Fig. 11.10 for 
the Torbar and mild steel rods respectively. Bond stresses 
were evaluated for each crack at typical load stages, from 
its inception through to the onset of yield in the 
reinforcement. 
The plots all confirmed the rising and falling trends, 
as appropriate, but data for specimens with only a few 
cracks was sparse. Consequently the results for specimens 
70R12/1, 70Tl2, lOOR20, 100T20 are presented as typical of 
the group (Figs. 11.11.1 to 11.11.4). There is some scatter 
due to the influence of later cracks on those already 
formed. 
These results are consistent with previous work such 
as the comprehensive bond investigation by Snowdon ( 34) 
which was the basis for the CP110 recommendations. They 
show than on crack propagation the bond stresses start quite 
some way up the bond stress-rod stress curve (shown dotted) . 
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With Torbar, £urther increases in rod stress will raise the 
bond stresses, but with mild steel rods bond stresses are 
already in or near to the plastic range o£ the bond stress-
rod stress relationship, and may reduce with rod stress 
increase. 
This signi£icant di££erence in the per£ormance o£ the 
two rod types is due to the di££erent nature o£ their 
individual bond stress-slip relationships. No speci£ic slip 
measurements were made in this work but nevertheless an 
approximate estimation can be obtained by integrating along 
the rein£orcement £rom a point o£ zero slip to obtain rod 
displacements and using the embedment gauge or Demec results 
to obtain concrete displacements. 
Points o£ zero slip were assumed to occur at the 
troughs in the longitudinal strain distributions (Figs. 
11.2.1 to 11.2.12) In practice the embedment gauge results 
proved to be unsuitable due their location relative to the 
cracks and so the Demec data was used. 
Typical post-cracking results for R20 and T20 rods are 
shown in Fig. 11. 12. They were obtained from specimens 
140R20 and 200T20 and were calculated at the typical 
locations shown in Figs. 11.2.9 and 11.2.12 respectively, 
both being 200 mm away from the adjacent trough. 
Fig. 11.12 shows that the points obtained lie on 
curves which are typical for the respective reinforcement 
types ( 34) The bond stress- slip relationship is widely 
recognised as the fundamental relationship in bond work and 
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the two curves demonstrate the markedly different 
performance of the two rod types. Again post-cracking bond 
stresses are seen to lie some way along these curves. 
With specimens 140R20, l50R12 and 200T20, the end 
debonding zones extended far enough into the gauged zone to 
permit the calculation of the z:esul ting bond stresses. At 
pre-cracking load levels these stresses were low, as would 
be predicted by the bond stress-rod stress and bond stress-
slip relationships. However, even when cracks had formed 
these stresses were still lower than the bond stresses 
adjacent to the cracks themselves. This may have been due 
to additional slip and hence higher bond stresses being 
induced by the sudden pulling action of rapid crack 
propagation, but this is conjectural. 
The bond stress-rod stress and bond stress-slip 
relationships provide the explanation for the low crack 1 
bond stresses in the specimens having embedment gauges. 
Since these first cracks occu~d at low loads and hence low 
rod stresses, due to the crack inducing tendencies of these 
gauges, then a reduction in bond stress was in fact both 
inevitable and consistent with established theory. 
11,4, 4 Design Considerations 
In design terms, this work has been concerned 
with bond behaviour under essentially working load 
conditions, or at what CPllO ( 13) refers to as the 
serviceability Limit state. CP110 classifies bond into two 
categories, local bond and anchorage bond, the former 
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applying where there are high shear forces caused by a 
rapidly changing bending moment distribution, and the latter 
being concerned with the progressive transfer of load from a 
rod into the surrounding concrete. This work belongs to the 
anchorage bond category, but as with local bond, CP110 
limits its recommendations to the Ultimate Limit state only, 
Design considerations for anchorage bond at the Service-
ability Limit State would thus appear to be useful. 
Dealing first with initial bond stress values after 
the propagation of the first crack, it will be appreciated 
that these differ between specimens because they occur at 
different points on the various bond stress-slip 
relationships. However, by using ·the data for the first 
effective crack (Fig. 11.10) and eliminating bond stresses 
that were obviously influenced by adjacent debonding zones, 
a reasonable basis for comparison is achieved to give 
initial bond stresses of around 1. 1 ft, 1. 4 ft, o. 9 ft and 
1. 0 ft for the Rl2, Tl2, R20 and T20 rods respectively, 
where ft is the indirect tensile strength of the concrete. 
These values are approximate as rod stresses between 
specimens reinforced with the same rod type sometimes varied 
quite widely. 
Looking now at the variation of bond stress with rod 
stress, this was less straightforward to quantify in view of 
the sparse data for specimens with one or two cracks only 
(Section 11.4. 3) . So a procedure was developed which 
widened the database by allowing the results for specimens 
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reinforced with the same rod type to be combined. Each bond 
stress value (fb) was divided by its initial value (fbi) 
immediately after crack propagation and similarly each 
associated rod stress ( fst) was also normalised with respec-t 
to its starting value (fsti) immediately after crack 
propagation. Graphs of (fh_lf_h_i) against (f~~/ f~_._") 
..,.... .;:)\.,.~ 
were 
then plotted for the four rod types with each graph now 
being an amalgam of the results for several specimens (Figs. 
11 . 1 3 . 1 to 11 . 13 . 4) 
Results for the R12, T12 and R20 rods were all 
distinctly banded with downward, upward and level trends 
respectively. Results for the T20 rods were rather more 
sca·ttered with two bands appearing. one band contained the 
bulk of the data and rose quite steeply while the other, 
which contained data from one specimen only, rose rather 
more slowly. Apart from this last case there was good 
intermingling of the data between specimens and the small 
amount of debonding data available also appeared to fit into 
the general pattern. 
A regression line analysis was performed for each of 
the main data bands to yield the following relationships:-
fb f at 
= -0.2 --+ 1.2 (11.6) R12: 
fbi f sti 
Tl.2: 
fb f at 
= 0.4---+ 0.6 (11.7) 
fbi f sti 
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fb 
::; 1.0 (11.8) R20: 
fbi 
T20: 
fb f st 
::; 0.5 ---+ 0.5 (11.9) 
fbi f sti 
These results have been plotted on Figs. 11. 13. 1 to 
11.13.4. A small degree of selectivity was applied to the 
T12 data to avoid the unrepresentative skewing of the 
regression line that would have resulted had all the early 
data points been included. 
Equations (11.6) to (11.9) are only applicable for 
f t/ f t . :. l . 0 and should not be used when f t/ f t . 
s ~ s 1. s s ~ 
exceeds 
about 2.0. Effectively they represent a linearization of 
the bond- slip relationship over the range 1. o ( fst/ f sti ( 2. o. 
They enable the variation of bond stress with rod stress to 
be estimated, but should be applied with care since, as the 
T20 results indicate, the changes may sometimes not be as 
marked as the equations indicate. 
In general terms, bond stresses for mild steel rods 
will at best remain unchanged as the rod stresses increase, 
but are more likely to decrease, while with Torbar bond 
stresses will probably increase but at worse remain 
unchanged. The assumption of an unchanging bond stress 
would be conservative for Torbar, but distinctly not so for 
mild steel reinforcement. 
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~1. 5 Bond Influence Lengths 
The lengths over which the bond stresses were 
effectively constant on each side of a crack were measured 
for each specimen immediately after the crack formed. To 
aid uniformity between specimens, only those cracks which 
formed in isolation were used i.e. zones which were 
influenced by adjacent debonding were ignored. Variations 
within specimens were small. 
Fig. 11. 14 relates the bond influence lengths (B) to 
the concrete covers (C), both being expressed in terms of 
rod diameter (B) • 
Both the mild steel and Torhar specimens yielded a 
linear relationship irrespective of the rod diameter. 
Linear regression analyses yielded the following relation-
ships:-
For mild steel 
B c 
- 5. 59 - 4. 73 (11.10) 
B 8 
For Torbar 
B c 
- = 4. 45 4.14 (11.11) 
B B 
where 
B = bond influence length 
c = cover to the outside of the reinforcement 
B = rod diameter 
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The linearity with the Tor bar was very good. There 
was some scatter with the mild steel points due to the 
flatter peaks of the strain distributions making 
identification of the boundaries of the linear zone less 
certain. 
Equations (11.10) and (11.11) have only been shown to 
be valid for 16)Cj9)2. None of the tests yielded data for 
C/9<2 and it is regretted that neither a 70R20 or a 70T20 
specimen was tested as these would have had C/ 0 values of 
1. 25. 
The line representing a 450 spread of stress from the 
reinforcement to the surface of the concrete is also shown 
on Fig. 11.14. It would seem reasonable to assume that this 
is a lower bound curve and it highlights the effect that 
debonding has on the transfer of stress. Intriguingly the 
experimental curves both intersect this line near the point 
where the cover equals the rod diameter. In practice a 
smooth transition in the region of the intersection points 
would be anticipated, and testing of the two extra specimens 
listed above would have helped to establish this. However 
the experimental curves are val.id over a wide range o£ 
real.istic C/9 values permitting the corresponding B/9 value 
to be determined. 
Fig. 11.14 can al.so be used to yield a lower limit on 
cY:"ack spacings for a given specimen cross- section and rod 
diameter. 
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11.6 Embedment Gauges 
Embedment gauges were cast into four specimens (Fig. 
9. 2) at the positions shown in Fig. 9.5, (Specimen 
300/ 100T20 also had embedment gauges) . Bond between the 
gauges and the surrounding concrete was good, even at quite 
high strain levels I and the gauges performed well, albeit 
with the crack inducing tendencies reported earlier. 
Specimen 200T20 with its three rows of embedment 
gauges in each face (giving 48 gauges in all) yielded data 
which was typical for the group and will now be discussed. 
Figs. 11.15.1 and 11.15.2 show strain distributions 
across the specimen at distances of 450 mm and 250 mm from 
the centre as indicated on Fig. 11.2.12 (Positions 1 and 2 
respectively) . The plots are typical for both directions 
across the section. surface strain measurements were taken 
from the Demec data and were thus average values over a 200 
mm gauge length I whereas the embedment gauges had a gauge 
length of 12 mm, 
At Position 1 (Fig. 11. 15. 1) the early loss of strain 
compatibility at the steel/concrete interface due to 
debonding became steadily more pronounced as the load 
increased. Position 1 was sufficiently remote from the 
crack position ( approx. 300 mm) for there to be a modest 
increase only in reinforcement strain when the crack formed. 
Pre-cracking strains in the concrete were uniform across the 
section and showed only a small increase with load. With 
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post-cracking strains a slight strain gradient was 
established from the reinforcement to the faces of the 
section, 
f' 
occuz/!.ng 
and there was 
at the surface. 
evidence 
When the 
o:f strain relaxation 
crack first formed at 
65.2 kN the peak concrete strain was 67 microstrain and the 
rod strain was 6 26 micros train At the end of the test 
(100.3 kN) these values had risen to 83 microstrain and 1122 
microstrain respectively. Thus an increase in rod strain of 
496 microstrain had produced only a 16 microstrain increase 
in the peak concrete strain. This indicates a marked degree 
o:f debonding. 
At Position 2 (Fig. 11.15.2) which was about 100 mm 
from the crack position, there was less debonding prior to 
cracking and strain compatibility was maintained up to about 
40 kN. Consequently there was a big increase in the 
reinforcement strain when the crack :formed, :from 195 
micro strain up to 741 microstrain. A more marked strain 
pro:file was established in the concrete a:fter cracking with 
a peak strain of 193 microstrain at the end of the test, a 
rise of 45 microstrain since the crack formed. Over the 
same load range the reinforcement strain rose by 674 
microstrain to 1415 microstrain but one embedment gauge 
remote from the reinforcement showed a rise o:f only 8 
microstrain. 
At Position 3, 150 mm from the centre of the specimen 
and right on the crack itself, a rather di:fferent picture 
emerged. The crack formed on face A (Fig. 9.1) of the 
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specimen and initially extended around the two adjacent 
faces, B and D, but did not appear on c, the back face. 
Before the crack formed, compatibility at the steel/concrete 
interface was good, but after cracking there were marked 
differences between the strain distribution through the 
concrete from A to c and that from B to D 
From face A to the reinforcement the measured strains 
were very much lower than would be expected across a major 
crack. A peak value of 712 microstrain at 100. 3 kN was 
recorded compared with the corresponding average surface 
strain reading of about 4200 microstrain. Debonding between 
the gauges and the concrete at what must have been very high 
local strain levels seemed likely. 
Between the reinforcement and face c, the strains 
peaked midway at up to around 11.000 microstrain and then 
declined quite sharply towards the outside face. This was 
consistent with the Demec data which indicated compressive 
strains on this face. Near the end of the test the crack 
was propagated right round the specimen and face c then went 
into tension (causing relaxation on face A) • strains in 
excess of 30000 microstrain were developed which, even with 
those gauges which did not fail, were outside the selected 
measurement range of the data logger. 
In the B-D direction strains rose rapidly from the 
reinforcement towards both sides of the specimen. A peak of 
18000 microstrain was recorded but undoubtedly strains 
considerably above this were actually attained. (Fig. 
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11. 15. 3) . 
Although the reinforcement strains and the concrete 
strains are apparently consistent in Fig. 11.15.3, this does 
not indicate an absence of debonding since strain 
compatibility is obviously lost where a reinforcing rod 
crosses a crack. At Position 3, in the B-D direction, the 
embedment gauges were effectively measuring crack widths as 
they were located where the crack formed. Fig. 11.15.3 
indicates qualitatively how the crack widths varied with 
increasing load. The restraining effect of the 
reinforcement is particularly apparent. 
11.7 Specimens lOOT12P and 300/100T20 
Specimens 100T12P and 300/100T20 were both isolated 
examples of their type tested primarily as pilot studies for 
possible future developments. Results for these specimens 
have been included in the tables and graphs for the main 
batch of square, dense concrete specimens to aid comparison. 
Since they were one-off tests, only general observations 
can be made about them. 
Specimen 100T12P used lightweight aggregate (Pelli te) 
and an early gauged rod which had a non- standard gauging 
pattern and performed disappointingly. There were six 
cracks (Fig. 11.2.14), two more than in its dense concrete 
companion. Both the load and strain at which the first 
crack formed were low (Figs. 11.3 and 11.6) but the concrete 
stress was comparable with the other specimens at o. 6 ft. 
(Fig. 11. 7). The cracks were all plateau cracks. Bond 
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stresses were difficul. t to measure accurately but appeared 
to be comparable to the other specimens in absolute terms 
(Fig. 11.10) but much higher when normalised with respect to 
the concrete's indirect tensile strength (the lowest of any 
specimen at 1.89 Njmm2), Bond stresses rose with rod 
stress. The high bond stresses and l.ow cracking loads meant 
that the bond influence lengths were shorter than in the 
equivalent dense concrete specimen, 
Specimen 300/ 100T20, the only rectangular specimen 
tested, had one plateau crack and one high strain crack 
(Figs . 11 . 2 . 1 3, 11 . 3, 11 . 7 & 11 . 8) It was the only specimen to 
exhibit longitudinal. cracking along the line of the 
reinforcement, both at the ends and adjacent to crack 1, the 
plateau crack. In addition a short transverse crack 
appeared approximately midway between the two main cracks. 
This had very li ttl.e effect on the rod strains al. though 
there was a small ridge at about the crack position (Fig. 
11.2.13). This secondary cracking behaviour is consistent 
with previous work (26). 
The crack 1 bond stresses appeared to be on the high 
side (Fig. 11.10) but very little data was obtainable. The 
bond influence lengths did not fit the curves of Fig. 11.14 
irrespective of whether the cover was based on the long or 
short side. 
This was an interesting test as it demonstrated 
clearly that rectangular sections behave quite differently 
from square sections so far as crack pattern and spacing are 
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concerned. This test, which is really a simple model for 
slab behaviour, posed rather more questions than it answered 
and it would be a fruitful area for further research. 
11 . 8 Further Work 
A number of interesting possilities arise £rnm the 
work described in this thesis. 
Firstly it is desirable that the work on tension 
specimens described in Part II should be correlated with the 
beam work described in Part I. This would involve 
calculating the curvatures and deflections of typical beams 
using the bond stress results of Part II to estimate the 
tension stiffening effects. Calculated curvatures and 
deflections would be compared with existing test results, 
but a programme of beam tests using strain gauged 
reinforcing rods would be required to assess the validity of 
the bond stress assumptions. 
wil.l begin shortl.y. 
It is hoped that this work 
Next there is the problem of time-dependent effects 
which have not been considered in this thesis, but are 
obviousl.y important when calculating l.ong-term deflections. 
Here a start has been made as a series of long-term tests on 
tension specimens is currently nearing completion. These 
are funded by the same Science and Engineering Research 
Council. research grant as the short-term tension tests of 
Part II. Again the results wil.l. need to be applied to 
beams. 
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Looking further ahead, the strain measurement 
technique which has been described in this thesis has proved 
itself to be extremely effective and reliable and its 
potential for further applications is very wide indeed. An 
investigation of the strains in lapped reinforcement is 
already in hand and a start will be made shortly on an 
investigation of the performance of beamjcolumn connections, 
which will involve the internal strain gauging of links and 
other bent reinforcement. Both these programmes are 
receiving SERC support. In the longer term, a move from the 
laboratory into the field is currently under consideration, 
although this is potentially a complex and expensive 
undertaking. However, the prospect of moni taring a full-
size structure has the promise of being a uniquely demanding 
and rewarding challenge. 
11.9 Publications 
Preliminary reports of the work described in Part II 
of this thesis have been given at conferences in Lancaster 
~ p~cations associated with and Vancouver ( 35, 36) . Other 
this thesis have been referenced at the appropriate points 
in the text, and more are in preparation. A listing of all 
the publications to date is given in the Appendix. 
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12. CONCLUSIONS 
12.1 Part I 
12.1.1 The results of the regression line 
analysis of the beam Demec data support 
the common assumption of a linear strain 
distribution across a beam section when 
considering large gauge lengths. 
12.1.2 For design purposes, the first major 
crack in a reinforced concrete beam forms 
at a concrete stress of o. 8ft and a 
strain of 100 microstrain at the bottom 
(tensile) face. The last majot" crack 
forms at a concrete stress of 1. 1ft and a 
strain of 100 (EI) 1 (EI) 
u cr 
microstrain. 
This latter strain value increases as the 
percentage of tensile reinforcement 
decreases. For strains in excess of lOO• 
the concrete stress falls 
and approaches zero when the tensile 
reinforcement has yielded. 
12.1.3 The behaviour of the tensile conrete in a 
reinforced concrete beam can be modelled 
using the concept of a stress-strain 
envelope with the boundary of the 
envelope describing the stress-strain 
behaviour at the bottom (tensile) face of 
12.1.4 
- 106 -
the section. The stress distribution 
across the section can be assumed to be 
linear with a value at the neutral axis 
of zero, and a value at the bottom face 
determined by the c:tprropr iate point on the 
boundary curve of the envelope. 
A tri-linear 
stress-strain 
form can be 
envelope with 
given to the 
the origin, 
the points of the first and last major 
cracks and the yield 
reinforcement being 
parameters (Fig. 7.5). 
of 
the 
the tension 
descriptive 
12. 2 Part II - Square Section, Dense Concrete Specimens 
12.2.1 
12.2.2 
12.2.3 
The technique of installing strain gauges 
in a duct milled longitudinally through 
the centre of the reinforcement is a very 
effective 
strains. 
way of measuring reinforcement 
For a given 
there 
cross-section and 
cracks 
rod 
diameter 
specimens having 
are more 
Tor bar 
than i.n those having mild steel . 
For a given cross-section 
in 
reinforcement 
and rod type 
there are more cracks when 20 mm diameter 
reinforcement is used than when 12 mm 
diameter is used. 
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~2.2.4 Strain distributions each side of a crack 
are essentially linear which indicates 
zones of constant bond stress when the 
reinforcement is within its elastic 
range. 
~2.2.5 Cracks always develop between the end 
debonding zones and the strain 
distributions adjacent to early cracks 
(' 
are influenced by cracks occurf,tng later. 
~2.2.6 There is evidence to suggest that bond 
breakdown may occur locally at a crack 
position before the crack propagates to 
the surface. 
12.2.7 Reinforcement strains just before the 
effective first crack appear to be 
independent of reinforcement type, 
diameter and specimen size. An average 
value of 99.1 micro strain (standard 
deviation 1~. 9 microstrain) was obtained. 
12.2.8 cracks in tension specimens may be 
categorized into two types: Plateau 
Cracks which form from a general strain 
level of 100 to 200 micro strain, and High 
strain cracks which occur at strain 
levels in excess of 200 microstrain. 
12.2.9 
12.2.10 
12.2.11 
12.2.12 
12.2.13 
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The crack pattern £armed by Plateau 
cracks is repeatable between similar 
specimens, whilst High Strain cracks are 
specimen dependent, 
The concrete stress at which the 
effective first crack forms is o. 67£. 
t 
(standard deviation o. OBft) . The stress 
for the last crack is o. 82£t (standard 
deviation 0.14ft) except when the last 
crack is a High strain crack. The stress 
is then higher . 
When a crack forms in isolation, the bond 
stresses on each side are essentially 
similar. However, bond stresses are 
decreased by the presence of an adjacent 
crack or debonding zone. 
After crack propagation, the bond 
stresses start some way up the bond 
stress-rod stress and bond stress-slip 
relationships. With Torbar, further load 
increase leads to increased bond 
stresses, with mild steel rods bond 
stresses decrease. 
For design purposes, initial post-
cracking bond stresses are approximately 
1 , 1ft , 1 , 4ft , 0 . 9ft and 1 . 0 f t for R12, 
T12, R20 and T20 rods respectively. 
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12.2.14 For design purposes, bond stresses and 
rod stresses are related thus: 
fb f st 
Rl2: -0.2 + 1.2 
fbi f sti 
fb f .... ~ 
"' .. T12: = 0.4 + 0.6 
fbi f sti 
fb 
R20: = 1.0 
fbi 
fb f st T20: 
-
0.5 + 0.5 
fbi f sti 
Valid range: 1.0 ( fs'\ .(. 2.0 f&tt 
For Torbar rods these equations represent 
an upper limit on behaviour, for mild 
steel rods they are a lower limit. 
12.2.15 Bond influence lengths and cover a.t'e 
related thus:-
B c 
For mild steel e = 5 . 59 g - 4 . 7 3 
s e 
For Torbar Q = 4. 45 e- 4. 14 
- ll 0 -
Valid range: 2 ~ ~ ~ 16 
e 
12.3 Part II- Specimens 300/100T and 100T12P 
1.2.3.1 Specimen 100T12P exhibited higher bond 
stresses relative to its indirect tensile 
strength than its dense concrete 
companion. The rod strain at which crack 
1 formed was low at 60 microstrain. 
12.3.2 Specimen 300/l.OOT20 was the only specimen 
to exhibit longitudinal cracking and a 
short transverse crack midway between the 
two main cracks. Its behaviour was 
generally different from that of the main 
batch. 
12.4 Developments 
1.2.4.1. The strain gauging technique described in 
Part II of this thesis has proved itself 
to be extremely effective and reliable. 
To date it has been applied only to 
simple tension specimens but its 
potential for further applications to 
much more complex situations is almost 
unlimited. It is the hope of the author 
that this potential can be fully realised 
and so advance our understanding of that 
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most fascinating, challenging and complex 
structural material which is called 
reinforced concrete. 
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Bottom steel 
Width Depth Diameter Area 
Beam No. of --
No. <mm> <mm> bars cmm> Cmm2) 
....... 
1 203 410 25 1472 
2 202 412 25 1472 
3 203 408 20 943 
4 204 408 20 943 
5 204 407 16 603 
6 204 409 16 603 
7 204 409 3 12 339 
8 204 406 12 339 
9 203 204 16 603 
10 202 202 16 603 
11 203 306 16 603 
12 203 308 16 603 
13 203 513 16 603 
14 204 511 16 603 
~ 
Fig. 6.1 
Top steel 
Depth Amount Diameter Area 
--- -·-- No. off ---
Cmm> (%) bars Cmm> (mm2) 
....., 
380 1.91 16 402 
368 1.99 16 402 
363 1.28 8 '101 
367 1.26 8 '101 
373 0.79 8 '101 
376 0.79 8 'I 01 
379 0.44 2 8 '101 
370 0.45 8 '101 
167 1.78 12 ~~26 
169 1. 77' 12 ~~26 
268 1.11 8 '101 
273 1.09 8 '101 
480 0.6~: 8 '101 
473 0.63 8 '101 
----
Details of Test Beams 
CAA:e.r ~ o..M:: 4Spe.ir·s: t<~ 2c) 
Depth 
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<mm> 
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1so I . .t~ 1000/ 
1 I 
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• 
l , 
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Beam Age at Cube Indirect 
No. Test Strength Tensile 
COaysl <Nimm2l Strength 
<Nimm2l 
1 24 33.8 2.08 
2 28 34.7 2.78 
3 21 33.3 2.12 
4 23 39.6 2.74 
5 21 38.1 3.05 
6 22 36.5 2.51 
7 33 28.9 2.17 
8 22 31.1 2.31 
9 41 29.3 2.18 
10 27 35.3 3.19 
11 28 26.3 2.64 
12 29 34.1 2.88 
13 28 23.0 2.05 
14 24 29.3 2.18 
Fig 6.3: Test Results for Control Specimens 
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COMMAND 
NAME PROCESSED DESCRIPTION 
SEMIA :A Scans all groups 
SEMIB :B Autobalances a designated group 
SEMIG :G Scans a designated group 
SEMIP ;P Periodic scan of a designated group 
SEMIQ '""' Checks logge; Is ;esponding · '~
SEMI A :A Cancels a designated group 
SEMIS :S Sets up a group of channels 
SEMIT :T Initialises the time 
SEMIU ;U Reads the time 
SEMIY ;Y Summarises setting-up data in brief 
ASTA •A Inputs autobalance values 
ASTB •a Reads autobalance values 
ASTC •c Closes a data file & opens a replacement 
ASTD •D Lists a data file 
ASTF •f Ends program I ASTG •G Summarises setting-up data in detail 
ASTL *L I Lists titles of data files I 
ASTM *M Inputs messages to data files 
ASTO •o Opens data file 
ASTV •v 
I 
Permits use of all ; commands not 
covered by above subroutines 
SCAN - Data Analysis 
TIME - Time calculation for periodic scans 
LIST - Data Listing 
ERROR - Analyses error codes from logger 
NUMSUM - Number conversion 
NOCHAN - Orders group data for SEMIA 
Figure 10.3: List of Subroutines 
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